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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
34 ]. This is test number [ 87 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (34) | 0.00 (0)
Mathematica | 100.00 ( 34 ) | 0.00 (0)
Fricas | 100.00 (34) | 0.00 (0)
Maple 9412 (32) | 5.838(2)
Giac 94.12 (32) | 5.88(2)
Maxima 94.12 (32) | 5.88(2)
Sympy | 52.94 (18) | 47.06 (16)
Mupad | 44.12 (15) | 55.88 (19)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 70.588 0.000 0.000 29.412
Mathematica 70.588 0.000 0.000 29.412
Fricas 70.588 0.000 0.000 29.412
Maple 64.706 0.000 0.000 35.294
Sympy 17.647 5.882 0.000 76.471
Giac 0.000 0.000 64.706 35.294
Mupad 0.000 14.706 0.000 85.294
Maxima, 0.000 0.000 64.706 35.294

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 2 100.00 0.00 0.00
Giac 2 100.00 0.00 0.00
Maxima, 2 100.00 0.00 0.00
Sympy 16 100.00 0.00 0.00
Mupad 19 0.00 100.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Fricas 0.28

Rubi 0.30

Giac 0.41

Maxima 0.56

Maple 0.84
Mathematica 1.89

Sympy 2.79

Mupad 10.14

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 32.87 1.01 19.00 1.01
Sympy 46.06 1.18 18.00 0.91
Mathematica | 83.97 0.95 86.50 0.96
Fricas 89.09 0.95 94.50 0.99
Maple 95.19 0.90 68.00 0.85
Rubi 101.94 1.00 98.50 1.00
Giac 112.19 1.15 98.50 1.11
Maxima 509.28 3.35 125.00 2.46

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{40 141519232728 31,34}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative



CHAPTER 1. INTRODUCTION 15

Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS

2.1.1 Rubi. . ... .. e e e
2.1.2 Mma. . . . . . e e
2.1.3 Maple . . . . o
2.1.4 Fricas . . . . . . . e e e
2.1.5 Maxima . . . . . .. e e e e e e e e
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad ...
2.1.8 SYympy . . . . oo e

2.1.1 Rubi

A grade { [12,506, 7 [0, )12 13 16,17 15, 20) 21,22 24,25 26,29, 50, 559 )
B grade {}

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.2 Mma

A grade { (12,5567 (10, 1 2 316,715 20, 21,22, 24 2520, 29,5052 53 )
B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade {356,751 0203, 16,175 E0L 20 22, 2,250 290, B2, 53 )
B grade { }

C grade { }

F normal fail {[5][10 }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade { (1,255} 710} 1,2 [3) 16, 17 15,20 21) 22,24 25) 26,29, B0} 52,35 )
B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.5 Maxima

A grade { }

B grade { }

C grade { [2567, 8 L1} 2 13) 16,17 15,20, 21} 22, 274 25,26, 29,50, B 53 )

F normal fail {[5}[10]}
F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade { }

B grade { }

C grade {1367 LI I2 I3 167 15,20, 21} 22 225,26, 29,502 3 )

F normal fail {[5][10 }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.7 Mupad

A grade { }

B grade {[3,8|11[I2[L3}
C grade { }

F normal fail { }

P(-1) timedout fail { 125,67 I0HI0) 7 ) 021232025, 26,29, B0, B2 53 )
F(-2) exception fail { }

2.1.8 Sympy

A grade {BB3 B0}
B grade {[12[25}

C grade { }

F normal fail { (12,650 710110/, 20,213 E9,50,52.53 )
F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 249 257 160 204 1570 173 0 227 0

N.S. 1 1.03 064  0.82 6.31 0.69 0.00 0.91 0.00
time (sec) N/A 0.752 0.471 1.853 1.070  0.320 0.000 0.338 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 123 125 112 99 580 119 0 183 0

N.S. 1 1.02 0.91 0.80 4.72 0.97 0.00 1.49 0.00
time (sec) N/A 0.341 0.197 0.844 0.630 0.272 0.000 0.333 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A C A A C B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 98 98 85 81 112 103 88 135 99
N.S. 1 1.00 0.87 0.83 1.14 1.05 0.90 1.38 1.01
time (sec) N/A 0.268 0.115 0.357 0.239 0.302 0.218 0.333 0.080

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 15 15 17 15 17 17 14 17 17
N.S. 1 1.00 1.13 1.00 1.13 1.13 0.93 1.13 1.13
time (sec) N/A 0.163 2.150 0.227 0361 0262 0.383 0.340 13.744
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 111 111 110 0 0 115 0 0 0
N.S. 1 1.00 0.99 0.00 0.00 1.04 0.00 0.00 0.00
time (sec) N/A 0.296 1.719  0.000 0.000  0.287 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 251 261 164 224 1570 178 0 229 0
N.S. 1 1.04 0.65 0.89 6.25 0.71 0.00 0.91 0.00
time (sec) N/A 0.745 0.458 1.755 1.104  0.286 0.000 0.325 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 124 127 116 110 580 125 0 185 0
N.S. 1 1.02 094 0.89 4.68 1.01 0.00 1.49 0.00
time (sec) N/A 0.355 0.206 0.855 0.618  0.293 0.000 0.373 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A A C B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 99 99 88 88 112 106 94 137 105
N.S. 1 1.00 0.89 0.89 1.13 1.07 0.95 1.38 1.06
time (sec) N/A 0.281 0.118 0.332 0.246  0.275 0.226 0.363 0.054
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 20 20 14 18 18
N.S. 1 1.00 1.12 1.00 1.25 1.25 0.88 1.12 1.12
time (sec) N/A 0.165 2.046 0.251 0.366 0.266 0.398 0.338 14.376
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 111 111 114 0 0 123 0 0 0
N.S. 1 1.00 1.03 0.00 0.00 1.11 0.00 0.00 0.00
time (sec) N/A 0.300 2.419 0.000 0.000  0.274 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 82 87 67 59 160 59 0 75 64
N.S. 1 1.06 0.82 0.72 1.95 0.72 0.00 0.91 0.78
time (sec) N/A 0.363 0.095 1.862 0.440 0.260 0.000 0.433 0.116

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A C A B C B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 41 41 39 30 126 32 155 65 32
N.S. 1 1.00 0.95 0.73 3.07 0.78 3.78 1.59 0.78
time (sec) N/A 0.206 0.033 1.584 0.401 0.266 0.661 0.473 14.528

Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A C A A C B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 24 24 24 20 70 22 29 39 19
N.S. 1 1.00 1.00 0.83 2.92 0.92 1.21 1.62 0.79
time (sec) N/A 0.173 0.019 0.662 0320 0.274 0.200 0.398 0.043

Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 13 13 15 11 13 13 12 13 13

N.S. 1 1.00 115 08 100 1.00 092 100 1.00

time (sec) N/A 0.150 9.941 0.183  0.349 0.268 0.354 0.406 13.770

Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 13 13 15 11 13 13 14 13 13

N.S. 1 1.00 115 08  1.00 100 108 100 1.00

time (sec) N/A 0.285 10.619 0.208  0.360  0.281  0.326 0.407 14.017

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 248 248 170 191 1617 178 0 214 0
N.S. 1 1.00 0.69 0.77 6.52 0.72 0.00 0.86 0.00
time (sec) N/A 0.431 0.454 0.684 1.061  0.345 0.000 0.462 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 126 126 116 95 610 124 0 172 0
N.S. 1 1.00 0.92 0.75 4.84 0.98 0.00 1.37 0.00
time (sec) N/A 0.255 0.173 0.722 0.635  0.290 0.000 0.438 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A A C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 100 100 97 72 124 93 83 122 0
N.S. 1 1.00 097 0.72 1.24 0.93 0.83 1.22 0.00
time (sec) N/A 0.222 0.070  0.590 0325 0.270 0.466 0.444 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 17 17 19 17 28 19 15 19 19
N.S. 1 1.00 1.12 1.00 1.65 1.12 0.88 1.12 1.12
time (sec) N/A 0.195 3.959 0.428 0399 0270 0.798 0.485 13.750

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 248 248 175 199 1617 187 0 216 0
N.S. 1 1.00 0.71 0.80 6.52 0.75 0.00 0.87 0.00
time (sec) N/A 0.429 0.399 0.663 1.065  0.269 0.000 0.418 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 126 126 122 99 611 133 0 174 0
N.S. 1 1.00 097 0.79 4.85 1.06 0.00 1.38 0.00
time (sec) N/A 0.254 0.173  0.666 0.699  0.287 0.000 0.431 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A A C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 100 100 100 76 124 96 88 124 0
N.S. 1 1.00 1.00 0.76 1.24 0.96 0.88 1.24 0.00
time (sec) N/A 0.226 0.072  0.682 0330 0.285 0.452 0.438 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 28 22 15 20 20
N.S. 1 1.00 1.11 1.00 1.56 1.22 0.83 1.11 1.11
time (sec) N/A 0.195 4.132 0.393 0.382 0.270 0.838 0.500 13.403

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 85 85 7 64 171 57 0 64 0
N.S. 1 1.00 091 0.75 2.01 0.67 0.00 0.75 0.00
time (sec) N/A 0.231 0.104 1.428 0.430 0.275 0.000 0.503 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A B C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 46 41 35 136 37 121 54 0
N.S. 1 1.00 0.89 0.76 2.96 0.80 2.63 1.17 0.00
time (sec) N/A 0.196 0.043 1.313 0.382  0.273 0919 0.460 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A A C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 26 20 34 19 22 26 0
N.S. 1 1.00 0.96 0.74 1.26 0.70 0.81 0.96 0.00
time (sec) N/A 0.167 0.011 1.264 0304 0.266 0374 0.593 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 15 15 17 13 24 15 14 15 15
N.S. 1 1.00 1.13 0.87 1.60 1.00 0.93 1.00 1.00
time (sec) N/A 0.187 7.145 0.363 0.358 0.265 0.662 0.533 13.385

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 15 15 17 13 26 15 15 15 15
N.S. 1 1.00 1.13 0.87 1.73 1.00 1.00 1.00 1.00
time (sec) N/A 0.215 7.063 0.401 0.339 0.273 0.594 0.405 13.308

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 285 282 187 396 2271 230 0 289 0

N.S. 1 0.99 0.66 1.39 7.97 0.81 0.00 1.01 0.00
time (sec) N/A 0.773 0.788 2.376 1.336  0.269 0.000 0.347  0.000

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 140 134 129 182 695 136 0 199 0

N.S. 1 0.96  0.92 1.30 4.96 0.97 0.00 1.42 0.00

time (sec) N/A 0.341 0.440 0.752 0.593  0.287  0.000 0.333 0.000

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 19 19 21 19 21 21 17 21 21
N.S. 1 1.00 111 100 111 111 089 111  1.11
time (sec) N/A 0.168 3.237 0429 0385 0269 0.345 0351 13.456

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 291 291 215 378 2360 257 0 292 0
N.S. 1 1.00 0.74 1.30 8.11 0.88 0.00 1.00 0.00
time (sec) N/A 0.526 0.699 1.391 1.382  0.303 0.000 0.371  0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 150 150 139 170 737 149 0 195 0
N.S. 1 1.00 0.93 1.13 4.91 0.99 0.00 1.30 0.00
time (sec) N/A 0.285 0.326 0.776 0.649 0.280 0.000 0.353 0.000
Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 21 21 23 21 120 23 19 23 23
N.S. 1 1.00 1.10 1.00 5.71 1.10 0.90 1.10 1.10
time (sec) N/A 0.215 4.466 0.544 0.382  0.279 41.990 0.396 14.124

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [6] had the largest
ratio of [.625000000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade ifse 5 ; urrii 1;e antliéiaicriszr:zive leaf size irﬁgg;aiﬁiole;?size
i | A 8 8 1.03 15 0.533
2l | A 4 4 1.02 13 0.308
3| A 3 3 1.00 11 0.273
N/A 1 0 1.00 15 0.000
5 | A 1 1 1.00 32 0.031
6 | A 10 10 1.04 16 0.625
7] A 5 5 1.02 14 0.357
8 | A 4 4 1.00 12 0.333
9 | N/A 1 0 1.00 16 0.000
10| A 1 1 1.00 34 0.029
11| A 6 6 1.06 13 0.462
12/ A 3 3 1.00 11 0.273
3| A 2 2 1.00 9 0.222
N/A 1 0 1.00 13 0.000
N/A 4 0 1.00 13 0.000
16| A 2 2 1.00 17 0.118
17| A 2 2 1.00 15 0.133
g | A 2 2 1.00 13 0.154
N/A 2 0 1.00 17 0.000
20| A 2 2 1.00 18 0.111
21| A 2 2 1.00 16 0.125
22| A 2 2 1.00 14 0.143
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page

number of number of normalized integrand ber of rul
# | grade sheps widuie | anfiderivative |t e tegrand leaf size
N/A 2 0 1.00 18 0.000
24| A 2 2 1.00 15 0.133
25| A 2 2 1.00 13 0.154
26/| A 2 2 1.00 11 0.182
N/A 2 0 1.00 15 0.000
N/A 2 0 1.00 15 0.000
29| A 8 8 0.99 19 0.421
30| A 4 4 0.96 17 0.235
N/A 1 0 1.00 19 0.000
32| A 2 2 1.00 21 0.095
33| A 2 2 1.00 19 0.105
N/A 2 0 1.00 21 0.000

2.3. Detailed conclusion table specific for Rubi results
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31  [ZPcos(a+br+ca®)dr . .. ..
32  Jzcos(a+br+cex®)dr . . ...
33  Jeos(a+br+cz?)dr. ... ...
34 [
35 f(elete) ettty gy
36  [zPcos(a+br—cx®)dr . ... ...
37  [zcos(a+bz—cx?)dz . ... ...
38  [eos(at+br—cz®)dz. ... ...
3.9 [
3.00 [ (exleemert)  bonlettenet)) gy
311  [z?cos(3+z+a)dy ... ...
312 [zcos(f+z+a?)dr. .. ...
313 feos(34+z+a®)dr . ...
304 [l G
305 [eelrtetm) go
316  [zPcos’(a+br+ex®)dr . . . . ...
317  [zcos?(a+br+cx®)dr . . ...
318  [ceos?(a+bx+cx®)dr . . . ...
319 [l G
320 [zPcos’(a+br—cx®)dr . . . ..
321  [zcos?(a+br—cx®)dr . .. ... .
322  [cos?(a+bz—cx®)dz ... ... ...
R R B G
324  [a?cos? (fHz+a?)dr. ...
325 [zcos® (3+z+a)dz ...
326 [cos? (A+z4at)dr ...
.97 [l g
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3.98 f cos? (;+a+2?) dz

IE2 .................................

329 [(d+ex)®cos(a+br+cz®)dr. ... ...
330 [(d+ex)cos(a+br+cx®)dr . ... ...
I R e
332  [(d+ex)cos®(a+br+cx?)dr ... ...
333  [(d+ex)cos’(a+br+cz®)dr. ... ...

334 [l G
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3.1 [ 2% cos (a + bx + cx?) dx

3.1.1 Optimalresult . . . ... ... .. . 37
3.1.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 38
3.1.3 Rubi [A] (verified) . . . .. ... .. 38
3.1.4 Maple [A] (verified) . . . . .. ... ... (41
3.1.5  Fricas [A] (verification not implemented) . . . . . . ... ... ... . .... 42
3.1.6 Sympy [F] . . . . 42
3.1.7 Maxima [C] (verification not implemented) . . . . . . .. ... ... ..... 43]
3.1.8 Giac [C] (verification not implemented) . . . ... ... ... .. ....... 44
3.1.9 Mupad [F(-1)] . . . . o o 44

3.1.1 Optimal result

Integrand size = 15, antiderivative size = 249

b%./T cos <a — g) FresnelC ( )
/a:zcos (a+ bz +cz?) do = \/; e
40572

\/5 cos (a, — %) FresnelS (\175 7 )
- 203/2
~ \/gFresnelC (%) sin (a — Z—)

203/2

b*,/% FresnelS (%) sin <a — fTi)
- 4c5/2

bsin (a + bx + cx?) N zsin (a + bz + cz?)

4c2 2c

-

-1/4%b*sin(c*x"2+b*x+a) /c"2+1/2*x*sin (c*x"2+b*x+a) /c+1/8*b"2*cos(a-1/4*b"2
/c)*FresnelC(1/2*(2*c*x+b) /c~(1/2)*2~(1/2)/Pi~(1/2))*2~(1/2)*Pi~(1/2)/c~ (5
/2)-1/4*cos(a-1/4*b~2/c)*FresnelS (1/2* (2*c*x+b) /c~(1/2)*2~(1/2) /Pi~(1/2))*
27(1/2)*Pi~(1/2)/c~(3/2)-1/4*FresnelC(1/2* (2*c*x+b) /c~(1/2)*2~(1/2) /Pi~(1/
2))*sin(a-1/4%b"2/c)*27(1/2)*Pi~(1/2) /c~(3/2)-1/8%b"2*FresnelS (1/2* (2*kc*xx+
b)/c™(1/2)*2~(1/2)/Pi~(1/2))*sin(a-1/4%¥b"2/c)*2~(1/2)*Pi~(1/2)/c~(5/2)

3.1.  [z*cos(a+ bz + ca?) dz
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3.1.2 Mathematica [A] (verified)

Time = 0.47 (sec) , antiderivative size = 160, normalized size of antiderivative = 0.64

/z2 cos (a + bz + cz”) dz

- —+/27 FresnelS (%) (20003 (a — %) + b?sin (a — %)) + /27 FresnelC (\753%) <b2 cos (a —

b2

4c

) .

865/2

p

input LIntegrate [x"2*Cos[a + b*x + c*x~2],x]

~—

e N

(-(Sqrt [2*Pi] *FresnelS[(b + 2*cx*x)/(Sqrt[c]l*Sqrt[2*Pi])]*(2*c*Cos[a - b~2/
‘ (4xc)] + b~2xSin[a - b~2/(4*c)])) + Sqrt[2#Pi]l*FresnelC[(b + 2*c*x)/(Sqrt[ ‘
‘ cl*Sqrt [2%Pi])]1*(b~2*Cos[a - b~2/(4*c)] - 2xc*Sin[a - b72/(4*c)]) + 2*xSqrt ‘
[c]*(-b + 2xc*x)*Sinf[a + x*(b + c*x)])/(8*c~(5/2))

N\ J

output

3.1.3 Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 257, normalized size of antiderivative = 1.03,
number of steps used = 8, number of rules used = 8§, number of rules _ 0.533, Rules used

integrand size
= {3945, 3928, 3832, 3833, 3943, 3929, 3832, 3833}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/w2 cos (a+ bz + cw2) dz

| 3945
[sin(cz® +bx+a)dr b [zcos(cz®+br+a)dr zsin(a+ bz + cz?)
B 2c B 2c + 2c
| 3928

sin <a — Z—i) | cos (%) dx + cos (a - Z—i) [ sin <%> dz

2c
b[zcos(ca®+bz+a)dz wsin(a+ bz + cz?)
2c + 2c
| 3832

3.1.  [z*cos(a+ bz + ca?) dz
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™ _v? b+2cx
sin (a - *) J cos ( b+2w) ) dz + - G 46);%11918(\/5@) b [ zcos(cz? + bz +a)dx
B 2c B 2c +
z sin (a + bx + cmz)
2c
| 3833
) b f - cos (01;2 bo a) e ) \/;sm( )\12esnelC(j‘£3%) \/;cos( 4)jr;snelS(\l’/‘ff/;i7r
2c 2c
zsin (a + bz + cz?)
2c
| 3943
b<sin(a+bz+cm2) . bfcos(cm2+bm+a)dm>
_ 2c 2c _
2c
\/;sm( )\F}esnelC(f\/%) \/;cos( b2 )j&»esnelS(j‘fj%) ssin (a bt sz)
c c
2c + 2c
| 3929
. (sin(a+bm+cz2) B b(cos(a—%) fcos(%)dz—sin(a ) [ sin ((’H'zm)z)dz) )
2c 2c
_7'r : b+2cx By 2bcz b+2cx B
\/;s1n< )\I;Yaesnelc< f\/ﬂ) n \/:cos<a—%>\1;‘raesne18(ﬁm> sin (a b C$2)
2c + 2c
| 3832
9 cx)2 \/gsin (a—%%) FresnelS( btj‘%)
b Sin(a-l—bx—i-czz) _ b<COS(a_Zc) ICOS((HZC : )dw— Ve e
2c 2c
T/?sin (a—ﬁ) FresnelC( bt2ca ) \/Ecos (a—252) FresnelS( bt2ca ) )
: - 7 vevan) 4 V2 - 7 —— zsin (a + bz + cz?)
2c + 2c
| 3833

3.1.  [z*cos(a+ bz + ca?) dz
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ﬁ

2 2
b b+2cx s b b+2cx
b(,/gcos(a—4c)FresnelC(\/Em> ,/%sm(a—TC)FresnelS(\/E 2ﬂ_>)

b sin (a,+bm+cm2) _ Ve Ve

2c 2c

2

(o) s (25
Ve

\/g sin (a— Z—i) FresnelC ( \1}2\2/%)
\/E +

zsin (a + bz + cz?)
2c

2c

p
input

Int[x"2*Cos[a + b*x + c*x~2],x]

N\

output

rule 3832

rule 3833

rule 3928

rule 3929

-1/2%((Sqrt [Pi/2]*Cos[a - b~2/(4*c)]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[2*

Pil)1)/Sqrtlc] + (Sqrt[Pi/2]*FresnelC[(b + 2*c*x)/(Sqrt[cl*Sqrt[2#Pi])]*Si

nla - b~2/(4*c)])/Sqrtlcl)/c + (xxSin[a + b*x + c*x"2])/(2%c) - (b*x(-1/2%(

b*((Sqrt [Pi/2]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]l*Sqrt[2*Pi]

)1)/Sqrt[c] - (Sqrt[Pi/2]*FresnelS[(b + 2xc*x)/(Sqrt[c]l*Sqrt[2+Pi])]*Sin[a
- b~2/(4%c)])/Sqrtlcl))/c + Sin[a + b*x + c*x~2]/(2%c)))/(2%c)

3.1.3.1 Defintions of rubi rules used

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))~"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]1/(£f*Rt[
d, 21))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

N\

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[Cos[(b~2 - 4%

axc)/(4xc)] Int[Sin[(b + 2*c*xx)~2/(4*c)],
/ (4xc)] Int[Cos[(b + 2%c*x)~2/(4x*c)], x],
Q[b~2 - 4x*axc, 0]

x], x] - Simp[Sin[(b~2 - 4x*ax*c)
x] /; FreeQ[{a, b, c}, x] && Ne

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2],
axc)/(4*%c)] Int[Cos[(b + 2%c*x)~2/(4*c)],
/(4xc)]  Int[Sin[(b + 2xc*x)~2/(4xc)], x],
Q[b~2 - 4xaxc, 0]

x_Symbol] :> Simp[Cos[(b~2 - 4%
x], x] + Simp[Sin[(b~2 - 4*axc)
x] /; FreeQ[{a, b, c}, x] && Ne

3.1.  [z*cos(a+ bz + ca?) dz
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rule 3943 | Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1*((d_.) + (e_.)*(x_)), x_Symboll

:> Simp[e*(Sin[a + b*x + c*x72]/(2%c)), x] + Simp[(2*c*d - b*e)/(2%xc) Int
[Cos[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
*e, 0]

rule 3945 Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1*((d_.) + (e_.)*(x_))"(m_), x_Sym

bol] :> Simp[e*(d + e*x)"(m - 1)*(Sin[a + b*x + c*x~2]/(2*c)), x] + (-Simpl[
(bxe - 2xc*xd)/(2%c) Int[(d + exx)"(m - 1)*Cos[a + b*x + c*xx~2], x], x] -

Simp[e~2*((m - 1)/(2%c)) Int[(d + e*x)"(m - 2)*Sin[a + b*x + c*x~2], x],

x]) /; FreeQ[{a, b, c, d, e}, x] && NeQ[bkxe - 2%c*d, 0] && GtQ[m, 1]

3.1.4 Maple [A] (verified)

Time = 1.85 (sec) , antiderivative size = 204, normalized size of antiderivative = 0.82

method | result
62_ ‘/E(cw+b) 62— \/i(ca:-i—b)
4 —ac 2 . I —ac 3
iy () (P () ()
2¢c - 3
de? V27 | c
default zsin(cw2+bw+a) B f(
erau 50 — -
i(4ac—b2 4 i(4ac—b2 ' i(4ac_b2) |
risch b2/me”  dc erf(\/i>0x+2\z/bﬁ> _ iv/me  4dc erf(\/?cx—l—z\’/bﬁ) . b2y/me  dc erf(—\/—icx+2 ’gic) . 1,;/
16c2V/ic 8cv/ic 16¢2y/—ic
(255 | (2R
V2
- V2 (eat 3 v V2 (ot}
\@\/7?$2COS<4CM>C< \S‘?\/g)> \/i\/,frzzsin<4cac S \S;rz\/g)
parts NG + 572 _

input Lint (x~2*cos (c*x~2+b*x+a) ,x,method=_RETURNVERBOSE)

3.1.  [z*cos(a+ bz + ca?) dz
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output | 1/2*x*sin(c*x~2+b*x+a) /c-1/2*%b/c*(1/2*sin(c*xx~2+b*x+a)/c-1/4%b/c” (3/2)*2"(
1/2)*Pi~ (1/2)*(cos ((1/4%b~2-a*c) /c) *FresnelC(2~(1/2) /Pi~(1/2)/c~(1/2)*(c*x
+1/2%b))+sin((1/4*b~2-a*c)/c)*FresnelS (27 (1/2) /Pi~(1/2) /c™ (1/2) * (cxx+1/2*b
))))-1/4/c”(3/2)*27 (1/2)*Pi~ (1/2) *(cos ((1/4*b~2-a*c) /c) *FresnelS(2~(1/2) /P
i~(1/2)/c”(1/2) * (c*x+1/2%b) ) -sin((1/4%b~2-a*c) /c) *FresnelC(2~(1/2) /Pi~(1/2
)/c”(1/2)*(c*x+1/2%b)))

3.1.5 Fricas [A] (verification not implemented)
Time = 0.32 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.69
/x2 cos (a + bz + cz®) dz

\/§<7rb2 cos (—1’2;—‘({,“> — 2mesin ( 4“)) VEC (f(zcm+b)[> \/§<7rb2 sin (—bzi—i"c> + 2mccos

o 8¢3

inputLintegrate(x“2*cos(c*x“2+b*x+a),x, algorithm="fricas") J

output | 1/8*(sqrt (2)*(pi*b~2*cos(-1/4%(b"2 - 4xa*c)/c) - 2*pixc*sin(-1/4x(b~2 - 4%
axc)/c))*sqrt(c/pi)*fresnel_cos(1/2*sqrt(2)*(2xc*x + b)*sqrt(c/pi)/c) - sq
rt(2)*(pixb~2*sin(-1/4*(b~2 - 4xaxc)/c) + 2xpixc*cos(-1/4*(b"2 - 4*axc)/c)
)*sqrt(c/pi)*fresnel_sin(1/2*sqrt(2)*(2*c*x + b)*sqrt(c/pi)/c) + 2% (2xc 2%
X — b*c)*sin(c*x"2 + bxx + a))/c”3

3.1.6 Sympy [F]

/x2cos (a+ bz + cz?) dx:/xzcos (a+ bz + cz?) do

inputLintegrate(x**2*cos(c*x**2+b*x+a),x) J

e

outputLIntegral(x**2*cos(a + b*x + ckx**2), x)

~—

3.1.  [z*cos(a+ bz + ca?) dz



input

output
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3.1.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.07 (sec) , antiderivative size = 1570, normalized size of antiderivative = 6.31

/ z? cos (a + bx + ch) dx = Too large to display

;
‘integrate(x‘2*cos(c*x‘2+b*x+a),x, algorithm="maxima")

1/32% (8% (((-(I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt ((4*xI*c~2+x"2 + 4*I*bxc*
x + I*b~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt (- (4*xI*xc 2*x"2
+ 4xIxbkcxx + I*b~2)/c)) - 1))*b~2%c”3 + 4*((I + 1)*sqrt(2)*gamma(3/2, 1/
4% (4*%Ixc™2xx"2 + 4*xIxb*cxx + I*b~2)/c) - (I - 1)*sqrt(2)*gamma(3/2, -1/4*(
4*I*c™2*x"2 + 4*Ixb*cxx + I*b~2)/c))*c”4)*cos(-1/4x(b~2 - 4*axc)/c) + ((-(
I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt((4*xI*c~2*%x"2 + 4*I*bxc*x + I*b~2)/c)
) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt (- (4*I*c™2*x"2 + 4xI*bxc*x
+ I*xb~2)/c)) - 1))*b"2%c™3 + 4*x(-(I - 1)*sqrt(2)*gamma(3/2, 1/4%(4*xIxc”~2*x
"2 + 4*Ixbxc*kx + I*b~2)/c) + (I + 1)*sqrt(2)*gamma(3/2, -1/4*(4*I*c™2%x"2
+ 4xIxbkcxx + I*xb~2)/c))*c”4)*sin(-1/4*(b"2 - 4*axc)/c))*x~3 + 12x(((-(I -
1)*sqrt (2) *sqrt (pi) * (erf (1/2*sqrt ((4*xIxc~2*x~2 + 4xIxbxcxx + I*xb~2)/c)) -
1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf (1/2xsqrt(-(4*I*kc™2%x"2 + 4xI*bkckxx + I
*b~2)/c)) - 1))*b"3*c”2 + 4*((I + 1)*sqrt(2)*gamma(3/2, 1/4%(4*xI*c"2*xx"2 +
4xI*b*c*kx + I*¥b~2)/c) - (I - 1)*sqrt(2)*gamma(3/2, -1/4*(4*I*c~2*%x"2 + 4%
Ixb*cxx + I*b~2)/c))*b*c~3)*cos(-1/4*(b~2 - 4*axc)/c) + ((-(I + 1)*sqrt(2)
*xsqrt (pi)* (erf (1/2*sqrt ((4*xI*c”™2%x"2 + 4xI*bxc*x + I*b~2)/c)) - 1) + (I -
1) *sqrt (2) *sqrt (pi) * (erf (1/2*sqrt (- (4*I*c~2*x"2 + 4xI*bxc*x + I*b~2)/c)) -
1))*b~3%c”2 + 4% (-(I - 1)*sqrt(2)*gamma(3/2, 1/4*(4*I*c”2%x"2 + 4*I*b*c*x
+ I*xb~2)/c) + (I + 1)#*sqrt(2)+*gamma(3/2, -1/4*(4*xI*c”2%x"2 + 4*Ixbxc*x +
Ixb~2)/c))*b*c™3)*sin(-1/4* (b2 - 4*axc)/c))*x"2 + 8*(b*c™2x(I*xe~(1/4*(...

3.1.  [z*cos(a+ bz + ca?) dz
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3.1.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.34 (sec) , antiderivative size = 227, normalized size of antiderivative = 0.91

/z2 cos (a+ bx + ca:2) dr =

ib2—4iac
i V2V (b +2ic) ert (i v2(20+2) (fﬁ“)\/@e(f <) T 1\ (i ca?+ibatia)
_— (ﬁﬂ)\/ﬂ -2 (c(—223: — ?) + 2 b)e
16 ¢2
‘ﬁf(bQ 2.) f(l'\/i(z +b>< ic—i—l)\/ﬂ) (_—ib2t4iac>
¢ mTmaejent\ gt m )\ el e -9 2% ib) _ 9; (—icz?—ibz—ia)
) () v (c(2iz+ L) —2ib)e
16 c2
inputLintegrate(x“2*cos(c*x“2+b*x+a),x, algorithm="giac") J

output | -1/16*(-I*sqrt(2)*sqrt(pi) *(b~2 + 2xI*c)*erf (-1/4*I*sqrt(2)*(2*x + b/c)*(I
xc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4%(I*#b"2 - 4xI*axc)/c)/((I*c/abs(c) + 1
Y*sqrt(abs(c))) - 2k (cx(-2xI*x - I*b/c) + 2xI*b)*e” (I*cxx"2 + I*b*xx + I*a)
)/c”2 - 1/16%(I*sqrt(2)*sqrt(pi)* (b2 - 2*Ixc)*erf (1/4*xI*sqrt(2)*(2*x + b/
c)*(-Ixc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4*(-I*b~2 + 4x*Ixaxc)/c)/((-I*c/ab
s(c) + 1)*sqrt(abs(c))) - 2x(cx(2xI*x + Ixb/c) - 2xI*b)*e”(-I*c*xx"~2 - I*bx
x - I*a))/c"2

3.1.9 Mupad [F(-1)]

Timed out.
/xzcos (a+ bz +cz?) do = /m2 cos (cz® + bz +a) dz
inputtint(x“Q*cos(a + b*x + c*x72),x) J
output Lint(x‘?*cos(a + b*x + c*x72), x) J

3.1.  [z*cos(a+ bz + ca?) dz
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3.2 [z cos(a+ bz + cz?) dz

3.21 Optimalresult . .. ... ... .. . 451
3.2.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 45
3.2.3 Rubi [A] (verified) . . . .. ... . 16
3.24 Maple [A] (verified) . . . . ... .. .. 47
3.2.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 48
3.2.6 Sympy [F] . . . . 48]
3.2.7 Maxima [C] (verification not implemented) . . . . . . . . ... ... ... .. 49
3.2.8 Giac [C] (verification not implemented) . . . ... .. ... ... ...... B
3.29 Mupad [F(-1)] . . . o o 50

3.2.1 Optimal result

Integrand size = 13, antiderivative size = 123

b\/3 cos (a — Z—Z) FresnelC <\’Zf\2;2£7r)

/xcos (a+bz+cz?) dz =

2c¢3/2
T b+2cx : b2
b,/% FresnelS <\/Jg\/27r> sin (a — 4—C> sin (a + bz + ca?)
+ 2¢3/2 + 2¢c

output‘1/2*sin(c*x“2+b*x+a)/c-1/4*b*cos(a-1/4*b“2/c)*FresnelC(1/2*(2*c*x+b)/c“(1/
‘2)*2”(1/2)/Pi“(1/2))*2‘(1/2)*Pi‘(1/2)/c“(3/2)+1/4*b*FresnelS(1/2*(2*C*X+b)
‘ /c”(1/2)*%27(1/2) /Pi~(1/2))*sin(a-1/4*xb~2/c)*2~(1/2)*Pi~(1/2)/c~(3/2) ‘

3.2.2 Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.91

/mcos (a + bz + c:v2) dzx

—bv/27 cos (a — %) FresnelC (%j‘%) + bv/2m FresnelS (\'2“33%) sin <a — Z—i) + 2y/csin(a + z(b + cx))
- 4c3/2

input LIntegrate [x*Cos[a + b*x + c*x~2],x]

~—

32.  [zcos(a+bz+ cz?) dz
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output‘ (- (b*Sqrt [2*xPi]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt [2*Pi ‘
'1)1) + b¥Sqrt[2+Pil#FresnelS[(b + 2%cx)/(Sqrt[cl*Sqrt[2+Pi])1#Sinfa - b2 |
/(4%c)] + 2xSqrt[cl*Sinfa + xx(b + cxx)1)/(4%c™(3/2)) |

3.2.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.02,
number of steps used = 4, number of rules used = 4, Lumber of rules _ ( 348 Ryles used

integrand size
= {3943, 3929, 3832, 3833}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/wcos (a+bac+cx2) dz

l 3943
sin (a + bz + cz?) b [ cos (ca? + bz + a) dx
2C - 20
l 3929
sin (a + bx + cz?) b(cos (a - i)TQc) J cos (%> dz — sin (a - %) [ sin (W) da:)
2c - 5
l'3832
(b+2 )? _ \/5sin(a— 2) Fresnels ( 2t2ez )
Sin (a + bx + sz) b(COS ( ) fCO < CcT > d.’L' \/E NG
2¢ o 5
l’3833
3 cos FresnelC ( 2t2cz T sin FresnelS ( b2ez
b Vever) _ e
sin (a + bz + cz?) G s
2c - 5

input LInt [xxCos[a + b*x + c*x~2],x]

—/

output \ -1/2%(b*((Sqrt [Pi/2]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2xc*x)/(Sqrt[c]l*Sqrt
‘ [2xPi])]1)/Sqrt[c] - (Sqrt[Pi/2]*FresnelS[(b + 2*c*x)/(Sqrt[cl*Sqrt[2*Pi])]
*xSinfa - b~2/(4%c)])/Sqrtlcl))/c + Sin[a + b*x + c*x~2]/(2%c)

32.  [zcos(a+bz+ cz?) dz



rule 3832

rule 3833

rule 3929

rule 3943
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3.2.3.1 Defintions of rubi rules used

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 21))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]l :> Simp[Cos[(b"2 - 4x*
axc)/(4xc)] Int[Cos[(b + 2*c*x)~2/(4*c)], x], x] + Simp[Sin[(b"2 - 4*axc)
/ (4xc)] Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && Ne
Q[b~2 - 4x*axc, 0]

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[e*(Sin[a + b*x + c*x72]/(2%c)), x] + Simp[(2*c*d - b*e)/(2%c) Int
[Cos[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
xe, 0]

3.2.4 Maple [A] (verified)

Time = 0.84 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.80

method | result

£ o 2let) ) g (Fmee) (2 (8)
T 4 -
default | Snlcoitbora) eV (COS < ‘ ) © ( Vae > o < c > S ( VEe

2c 40%
i(4ac—b2 ) i(4ac—b2) )
. by/me” ~  4c erf<\/i>cz+2:/bﬁ) by/me  4c erf(—\/—icm+2\/’%ic) sin(cz2+bz+a)
risch — : + . +
8cv/ic 8cyv/—ic 2c

c

b2
cos(Tﬁac>\/§ﬁ C(

V2

N

T

+

2 2
ﬂﬁxcos(chaC) c(@?&”) ﬂﬁxsin("fc“> s(ﬂv(;’”j;g))
parts NG +

32.  [zcos(a+bz+ cz?) dz
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input‘int(x*cos(c*x”2+b*x+a),x,method=_RETURNVERBOSE) ‘

output‘1/2*sin(c*x“2+b*x+a)/c-1/4*b/c‘(3/2)*2“(1/2)*Pi“(1/2)*(COS((1/4*b”2-a*c)/c
|)*FresnelC(2~(1/2)/Pi~(1/2)/c” (1/2)*(c*x+1/2%b))+sin((1/4*b~2-axc) /c) *Fres
'nelS(27(1/2)/Pi~(1/2)/c™(1/2)* (ckx+1/2%b))) |

3.2.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.97

/mcos (a—l—bx+c:v2) dr =

\/_Wb\/_cos( b-4a°)c(M) V2rb,/ZS <M) n (—¥5tee) — 2csin (ca? -

4c?

input‘integrate(x*cos(c*x”2+b*x+a),x, algorithm="fricas") ‘

output‘-1/4*(sqrt(2)*pi*b*sqrt(c/pi)*cos(-1/4*(b“2 - 4xaxc)/c)*fresnel_cos(1/2*sq
‘rt(2)*(2*c*x + b)*sqrt(c/pi)/c) - sqrt(2)*pixb*sqrt(c/pi)*fresnel_sin(1/2x%
‘sqrt(2)*(2*c*x + b)*sqrt(c/pi)/c)*sin(-1/4*(b"2 - 4*a*c)/c) - 2*cxsin(c*x”
2 + bAx + a))/c2

3.2.6 Sympy [F]

/mcos (a+ bz + cz?) dxz/xcos (a+ bz + cz?) d

input‘integrate(x*cos(c*x**2+b*x+a),x) ‘

output LIntegral(x*cos(a + bxx + cxx**2), x) J

32.  [zcos(a+bz+ cz?) dz



input

output
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3.2.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.63 (sec) , antiderivative size = 580, normalized size of antiderivative = 4.72

/wcos (a + bz + c:v2) dx

_ ((z‘— 1) \/ﬁﬁ(erf (% \/M) _ 1) —(i+1) ﬁﬁ(erf <% \/_M) —1>)bf

p

Lintegrate(x*cos(c*x‘2+b*x+a),x, algorithm="maxima")

~—

s ™

1/16%(((I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2xsqrt ((4*I*c™2xx"2 + 4xI*bkc*xx + I
*b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt(-(4*I*c™2*x"2 + 4%
Ixbkc*x + Ixb~2)/c)) - 1))*b~2*xcos(-1/4*%(b"2 - 4x*axc)/c) + ((I + 1)*sqrt(2
)xsqrt (pi)*(erf (1/2*sqrt ((4*I*c™2*%x"2 + 4xI*b*xcxx + I*b~2)/c)) - 1) - (I -

1) *sqrt (2) *sqrt (pi) * (erf (1/2xsqrt (- (4*I*c~2*%x"2 + 4xI*bxc*x + I*b~2)/c))
- 1))*b"2*sin(-1/4%(b~2 - 4xaxc)/c) - 2*%((-(I - 1)*sqrt(2)*sqrt(pi)*(erf (1
/2%sqrt ((4*I*c™2%x"2 + 4xIxb*ckx + I*¥b"2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(
pi)*(erf (1/2*%sqrt (- (4*I*c~2*%x"2 + 4*I*b*c*x + I*b~2)/c)) - 1))*b*c*xcos(-1/
4% (b~2 - 4xaxc)/c) + (-(I + 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt((4*xI*c~2*x"2
+ 4*xIxb*cxx + I*¥b"2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt (-(
4xIxc~2xx"2 + 4xIxbxcxx + I*b~2)/c)) - 1))*bkc*ksin(-1/4%(b"2 - 4*a*c)/c))*
X — 4*x(c*(Ixe” (1/4%(4*I*c™2xx"2 + 4xIxb*ckx + I*b~2)/c) - I*xe”(-1/4*(4*I*c
"2%x72 + 4xIxbkcxx + I*¥b~2)/c))*cos(-1/4x(b"2 - 4*axc)/c) - c*x(e” (1/4*(4*I
*CT2%x"2 + 4*Ixbkckx + Ixb~2)/c) + e”(-1/4%(4*I*xc™2%x"2 + 4*I*bxckx + I*b~
2)/c))*sin(-1/4%(b"2 - 4*a*c)/c))*sqrt((4*c™2%x"2 + 4*b*c*x + b72)/c))/(c”
2*sqrt ((4*c™24x72 + 4*b*c*x + b~2)/c))

32.  [zcos(a+bz+ cz?) dz
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3.2.8 Giac [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.33 (sec) , antiderivative size = 183, normalized size of antiderivative = 1.49

/accos (a + bz + cxz) dzx

' _ib%2—diac
i\/iﬁberf(_iiﬁ@(x:?lg%l)\/ﬂ)e( ot 1 9 lica®+iba+ia)
_ el ¢
- 8c \
—ib“+4iac
zf\fberf( ( (ﬁ) (_w\'/kg ) ( T) _2ie(—icm2—ibw—ia)
— Lﬁ_i_ ‘
8c
inputLintegrate(x*cos(c*x“2+b*x+a),x, algorithm="giac") J

output | -1/8* (I*sqrt (2)*sqrt (pi)*b*erf (-1/4*xI*sqrt(2)*(2*x + b/c)*(I*c/abs(c) + 1)
xsqrt(abs(c)))*e” (-1/4*x(I*xb"2 - 4xI*axc)/c)/((Ixc/abs(c) + 1)*sqrt(abs(c))
) + 2xIxe” (I*c*x"2 + I*b*x + Ixa))/c - 1/8%(-I*sqrt(2)*sqrt(pi)*b*erf (1/4x*
I*sqrt(2)*(2*x + b/c)*(-Ixc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4*(-Ixb~2 + 4%
Ixaxc)/c)/((-I*c/abs(c) + 1)*sqrt(abs(c))) - 2*Ixe”(-I*c*x"2 - I*b*x - I*a
))/c

3.2.9 Mupad [F(-1)]

Timed out.

/mcos(a+bx+cm2) dxz/x cos (cz® + bz +a) dr

input‘int(x*cos(a + b*x + c*x"2),x)

outputtint(x*cos(a + b*x + c*x”2), x) J

32.  [zcos(a+bz+ cz?) dz
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3.3 [ cos (a + bz + cz?) dz

3.3.1 Optimalresult . .. ... .. .. .. .
3.3.2 Mathematica [A] (verified) . . . . . .. ... ... oo
3.3.3 Rubi [A] (verified) . . . .. ... ..
3.34 Maple [A] (verified) . ... ... . ... ..
3.3.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ...
3.3.6 Sympy [A] (verification not implemented) . . . . ... ... ... .. ...
3.3.7 Maxima [C] (verification not implemented) . . . . . . .. ... .. .. ... ..
3.3.8 Giac [C] (verification not implemented) . . . .. ... ... .. .......
3.3.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ....

3.3.1 Optimal result

Integrand size = 11, antiderivative size = 98

/5 cos (a ) FresnelC (?ﬁ)
Ve
\/_ FresnelS ( b+\2/ci> sin < — Z—)
\/_

/cos (a+ bz +cz?®) do =

output ‘ 1/2*cos(a-1/4*b~2/c) *FresnelC(1/2* (2xcxx+b) /c~(1/2)*2~(1/2) /Pi~(1/2))*2~ (1
‘ /2)*Pi~(1/2)/c”~(1/2)-1/2*FresnelS(1/2*(2*cxx+b) /c~(1/2)*2~(1/2) /Pi~(1/2))*
sin(a-1/4%b"2/c)*2~(1/2)*Pi~(1/2)/c~(1/2)

3.3.2 Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.87

/cos (a+ bz +cz?) do

V3 (cos < > FresnelC ( e \/2—77) — FresnelS (\”;\2/‘321> sin <a %))
Ve

input‘ Integrate[Cos[a + b*x + c*xx~2],x]

33.  [cos(a+bz+ cz?) dzx
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output ‘ (Sqrt[Pi/2]*(Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt[2+Pil)]
L - FresnelS[(b + 2%c*x)/(Sqrt[cl*Sqrt[2*Pil)1*Sinfa - b~2/(4*c)1))/Sqrt[cl J

3.3.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 973 Ry jaq ysed = {3929,
integrand size

3832, 3833}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cos (a+bz+ c:z:2) dx

J,3929
b? (b + 2cx)? ) b? . [ (b+2cx)?
cos (a — 46> /cos (40) dzr — sin <a — 46> /sm (40) dz
l'3832
( b2> / <(b + 2cw)2> \/gsin (a — Z—z) FresnelS <\%‘\2/c2%)
cos|a— — cos| ————— | dxr —
4c 4c Ve
J’3833
\/5 cos (a - Z—ZC) FresnelC (%’3%) - /5 sin <a - Z—i) FresnelS (%\2/‘;%)
Ve Ve

input‘ Int[Cos[a + b*x + c*x~2],x]

output ‘{(SQrt [Pi/2]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2*cx*x)/(Sqrt[c]*Sqrt[2*Pi])])
‘ /Sqrtc] - (Sqrt[Pi/2]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[2+#Pi])]*Sin[a -
‘ b~2/(4*c)]) /Sqrt[c]

-

33.  [cos(a+bz+ cz?) dzx
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3.3.3.1 Defintions of rubi rules used

rule 3832 Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol]l :> Simp[(Sqrt[Pi/2]/(£f*Rt[

d, 21))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

rule 3833 | Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[

d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

rule 3929 Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[Cos[(b~2 - 4x
axc)/(4*c)] Int[Cos[(b + 2%c*x)~2/(4*c)], x], x] + Simp[Sin[(b~2 - 4x*a*c)
/ (4%c)] Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && Ne

Q[b~2 - 4x*axc, 0]

3.3.4 Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.83

method | result size
V2 /m <cos< %Cac) C < \/5\5?\;%) ) ~|—sin< %Cac> S ( \/5\5?\2%) > )
default NG 81
i(4acfb2 (f " ) i(4ac7b2) ( " )
. vre~ — 4dc  erf(Vicz+ U= Jrme  4c  erf —\/Ticx—i—z\}jc
risch Ve 2 — yar 99

inputLint(cos(c*x“2+b*x+a),x,method=_RETURNVERBDSE)

e

1/2%x2°(1/2)*Pi~(1/2)/c~(1/2)*(cos((1/4*b~2-a*c) /c)*FresnelC(2~(1/2)/Pi~(1/
‘2)/c“(1/2)*(c*x+1/2*b))+sin((1/4*b‘2—a*c)/c)*FresnelS(Z‘(1/2)/Pi‘(1/2)/c‘(
\1/2)*(c*x+1/2*b)))

output

33.  [cos(a+bz+ cz?) dzx
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3.3.5 Fricas [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.05

/cos (a + bz + czz) dz

\/_W\/_COS< B2 4“0) C <M) NCLNEE (f(m*b \/:) sin <_%;)

2¢c

input‘integrate(cos(c*x‘2+b*x+a),x, algorithm="fricas")

output‘1/2*(sqrt(2)*pi*sqrt(c/pi)*cos(—1/4*(b“2 - 4xaxc)/c)*fresnel_cos(1/2*sqrt(
‘2)*(2*c*x + b)*sqrt(c/pi)/c) - sqrt(2)*pixsqrt(c/pi)*fresnel_sin(1/2*sqrt(
L2)*(2*c*x + b)*sqrt(c/pi)/c)*sin(-1/4x(b"2 - 4x*axc)/c))/c

| S —

3.3.6 Sympy [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.90

/cos (a + bx + ca:2) dx

Vaym(—sin (o - £)8(75) +cos (a - ) 0(555)) Ve
- 2

p
input Lintegrate (cos (c*x**2+bxx+a) ,x)

~—

output‘sqrt(2)*sqrt(pi)*(-sin(a - b*x2/(4*c))*fresnels(sqrt(2)*(b + 2xc*x)/(2*sqr
‘t(pi)*sqrt(c))) + cos(a - b*x2/(4xc))*fresnelc(sqrt(2)*(b + 2xc*x)/(2*sqrt
‘(pi)*sqrt(c))))*sqrt(l/c)/2

33.  [cos(a+bz+ cz?) dzx
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3.3.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.24 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.14

/cos (a+bx—|—cx2) dr =

_ﬁﬁ(((z —1) cos (—%) + (i + 1) sin <—b21—i“c>> erf <%’> + ((z +1) cos (——

8+/c

e DY
inputLintegrate(cos(c*x“2+b*x+a),x, algorithm="maxima" J

output‘—1/8*sqrt(2)*sqrt(pi)*(((I - 1)*cos(-1/4*(b~2 - 4*axc)/c) + (I + 1)*sin(-1
| /4%(b™2 - 4¥axc)/c))*erf (1/2%(2xI*ckx + I¥b)/sqrt(I*c)) + ((I + 1)*cos(-1/
(4%(b™2 - 4xaxc)/c) + (I - 1)*sin(-1/4x(b2 - 4*axc)/c))*erf (1/2%(2¢Ixcxx +
| I#b)/sqrt(-T+c))) /sqrt (c) |

3.3.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.33 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.38

ib2—4iac

| cos b +ca?) o YRVt (i VB2 + ) (5 +1) D) )
4 (i +1) /el

le]
Civavaed (iva@e+ ) (—fs +1) /i) e
4(=j5+1)VEe

input Lintegrate (cos(c*x~2+bxx+a) ,x, algorithm="giac") J

output‘1/4*I*sqrt(2)*sqrt(pi)*erf(-1/4*I*sqrt(2)*(2*x + b/c)*(Ixc/abs(c) + 1)*sqr
‘t(abs(c)))*e“(-1/4*(I*b‘2 - 4xIxa*c)/c)/((I*c/abs(c) + 1)*sqrt(abs(c))) -
‘1/4*I*sqrt(2)*sqrt(pi)*erf(1/4*I*sqrt(2)*(2*x + b/c)*(-I*c/abs(c) + 1)*sqr
(t(abs(c)))*e™(~1/4*(~I#b~2 + 4xIxakc)/c)/((-I*c/abs(c) + 1)*sqrt(abs(c)))

33.  [cos(a+bz+ cz?) dzx
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3.3.9 Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.01

V2 s (25) o FUEIT) |
2
vavman (o) (U |

/cos (a+bz+cz?) dz =

-

input int(cos(a + b*x + c*x~2),x)

N\

OUtPHt‘(2“(1/2)*pi*(1/2)*cos((4*a*c - b~2)/(4*c))*fresnelc((2°(1/2)*(b/2 + c*x)*(
‘1/c)”(1/2))/pi“(1/2))*(1/c)”(1/2))/2 - (27(1/2)*pi~(1/2)*sin((4*a*c - b~2)
\/(4*C))*fresneIS((2‘(1/2)*(b/2 + cxx)*(1/c)~(1/2)) /pi~(1/2))*(1/c)~(1/2))/
\ 2

33.  [cos(a+bz+ cz?) dzx
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3.4 f cos(a+bz+cz?) da

T
34.1 Optimalresult . . .. ... .. ... . sy
3.4.2 Mathematica [N/A] . . . . . . .. byi
3.43 Rubi [N/A] . . . . bY
3.44 Maple [N/A] (verified) . . . . . . ... .. bY
3.4.5 Fricas [N/A] . . . . o 59
3.4.6 Sympy [N/A] . . . o 59
3.4.7 Maxima [N/A] . . . . . by
348 Giac [N/A] . . . . 60
349 Mupad [N/A] . . .o 60

3.4.1 Optimal result

Integrand size = 15, antiderivative size = 15

T T

/ cos (a + bz + cz?) e — Tnt (cos (a+ bz + cz?) x)

output LUnintegrable (cos(cxx™2+b*x+a) /x,x) J

3.4.2 Mathematica [N/A]

Not integrable

Time = 2.15 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

2 2
/cos(a+zx+cx)dm:/cos(a+zx+cx)dx

( hY

input | Integrate[Cos[a + b*x + c*x~2]/x,x]

output LIntegrate [Cos[a + b*x + c*x~2]/x, x] J

3.4. f cos(a+bx+cz2) dz

T
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3.4.3 Rubi [N/A]

Not integrable

Time = 0.16 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {3951}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ cos (a + bz + cz?)

x

l 3951

/ cos (a + bz + cz?)
X

dx

inputLInt[Cos[a + bxx + c*x~2]/x,x] J

-

output L$Aborted

~—/

3.4.3.1 Defintions of rubi rules used

rule 3951‘Int[Cos[(a_.) + (b_)*(x_) + (c_)*x(x_)"2]1"(n_.)*((d_.) + (e_.)*(x_))"(m_.) ‘
, X_Symbol] :> Unintegrable[(d + e*x) m*Cos[a + b*x + c*x"2]"n, x] /; FreeQ
'[a, b, ¢, d, e, m, 0}, x] |

3.4.4 Maple [N/A] (verified)
Not integrable

Time = 0.23 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/ cos (cz® + bz + a)
T

dz

input ‘ int (cos(c*x~2+b*x+a) /x,%) ‘

output Lint (cos(c*x~2+b*x+a) /x,x) J

3.4. f cos(a+bx+cz2) dx

T
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3.4.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

2 2
/cos(a—l—:l;x—l-cx)dx:/cos(cx ;—bx—l—a)dx

inputLintegrate(cos(c*x“2+b*x+a)/x,x, algorithm="fricas")

output tintegral(cos(c*x’? + b*x + a)/x, x)

3.4.6 Sympy [N/A]
Not integrable

Time = 0.38 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.93

dz

/cos(a—|—bx—|—cx2) dx_/cos(a—l—bz—l—ch)
T T

p
inputtintegrate(cos(c*x**2+b*x+a)/x,x)

e—

p
output LIntegral(cos(a + b*x + cxx**x2)/x, x)

-/

3.4.7 Maxima [N/A]

Not integrable

Time = 0.36 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

2 2
/cos(a+bx+cx)dw:/cos(cr ;:bav—l—a)daC
z

input Lintegrate (cos(c*x~2+b*x+a)/x,x, algorithm="maxima")

-/

output Lintegrate(cos(c*x‘Q + b*x + a)/x, x)

3.4. f cos(a+bx+cz2) dz

T
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3.4.8 Giac [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

2 2
/cos(a—l—:l;x—l-cx)dx:/cos(cx ;—bx—l—a)dx

inputLintegrate(cos(c*x“2+b*x+a)/x,x, algorithm="giac")

outputtintegrate(cos(c*x‘2 + b*x + a)/x, x)

3.4.9 Mupad [N/A]
Not integrable

Time = 13.74 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

dz

/cos(a+bx+cz2) dx_/cos(cxz—l-bw—f—a)
T T

p
inputtint(cos(a + b*x + c*x72)/x,x)

e—

output int(cos(a + b*x + c*x72)/x, X)

)

-/

3.4. f cos(a+bx+cz2) dz

T
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.'132 T

35 f (cos(a+bx—|—cx2) n bsin(a+bx+cx2)> da

3.5.1 Optimalresult . . . ... ... ... ... 611
3.5.2 Mathematica [A] (verified) . . . . . .. . ... .. L 611
3.5.3 Rubi [A] (verified) . . . . . ... .. 62
3.54 Maple [F] . . . . . . 63
3.5.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 63
3.5.6 Sympy [F] . . . . . 64
3.5.7 Maxima [F] . . . . . . e 64
3.5.8 Giac [F] . . . . . o 64
3.59 Mupad [F(-1)] . . . ..o o 65

3.5.1 Optimal result

Integrand size = 32, antiderivative size = 111

/(cos(a—i—bx—i—caﬁ) +bsin(a+bx+cx2)> e

x2 T

2 2
_ s (a +2x +er’) _ VeV 2 cos <a - %) FresnelS (M)

Veven
_VQWEmedC(Zg%;)QHQ“_g)

output ‘ -cos (c*x~2+b*x+a) /x-cos (a-1/4*¥b~2/c) *FresnelS(1/2% (2*c*x+b) /c~(1/2)*2~(1/2 ‘
‘ Y/Pi~(1/2))*c~(1/2)*2~(1/2)*Pi~(1/2)-FresnelC(1/2* (2*c*x+b)/c~(1/2)*2~(1/2 ‘
)/Pi~(1/2))*sin(a-1/4%b"2/c)*c™ (1/2) %27 (1/2) *Pi~ (1/2)

3.5.2 Mathematica [A] (verified)

Time = 1.72 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.99

2 : 2
/(cos(a-i—zb;v—i-cx ) N bsm(a—l—xbw-i—cz )) dp —

cos(a + z(b + cz)) + /cv 2wz cos (a — f’é) FresnelS <5Jg\2/°2iﬂ) + v/cV/27x FresnelC (%3?) sin (a — !

us

X

2 T

3.5. f (cos(a+bx+cx2) n bsin(a+bx+cm2)) e
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input‘ Integrate[Cos[a + b*x + c*x~2]/x"2 + (b*Sin[a + b*x + c*x~2])/x,x] ‘

output ‘/-( (Cos[a + x*x(b + c*x)] + Sqrt[c]*Sqrt[2+#Pi]*x*Cos[a - b~2/(4*c)]*FresnelS
‘ [(b + 2%c*x)/(Sqrt[c]l*Sqrt[2*Pi])] + Sqrt([c]#*Sqrt[2#Pi]*x*FresnelC[(b + 2%
‘ c*xx)/(Sqrt[c]*Sqrt[2+#Pi])]*Sin[a - b~2/(4*c)])/x)

-

3.5.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.00,

number of steps used = 1, number of rules used = 1, nllrlll,ggé?;&fl glilzlgs = 0.031, Rules used
— {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (bsin (a + bz + cz?) N cos (a+ba:+cx2)> J
x
2

T T
l 2009
b2 b+ 2cx b2 b+ 2cx
—V2my/csin (a — ) FresnelC ( > —V2m+/ccos (a — > FresnelS <> —
Ve 4c Ve2n Ve 4c cV 2
cos (a + bx + cm2)
T

e A
Int[Cos[a + b*x + c*xx"2]/x"2 + (b*Sin[a + b*x + c*x~2])/x,x]

N\ J

input

output‘ -(Cos[a + b*x + c*x~2]/x) - Sqrtl[cl*Sqrt[2xPi]*Cos[a - b~2/(4*c)]*FresnelS ‘
| [(b + 2%c*x)/(Sqrt [c]*Sqrt[2#Pi])] - Sqrtl[c]l*Sqrt[2xPil*FresnelC[(b + 2xcx |
'x)/(Sqrt [c]*Sqrt [2#Pi])]1*Sin[a - b~2/(4*c)] |

2 T

3.5. f (cos(a+bx+cx2) n bsin(a+bx+cm2)) e
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3.5.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.5.4 Maple [F]

2 - 2
/(cos(cx +bm+a)+bsm(cm —|—bx+a)>dz

2 z
inputLint(cos(c*x“2+b*x+a)/x“2+b*sin(c*x“2+b*x+a)/x,x) J
outputtint(cos(c*x‘2+b*x+a)/x‘2+b*sin(c*x‘2+b*x+a)/x,x) J

3.5.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.04

2 : 2
/(cos(a+bx+cx ) +bs1n(a+bz+cz )) i

2 T
V2(2 cz+b 2(2cz+b
\/_mv\/_cos< 4“) S ((—)\/7> + \/_mv\/_C < )[) Sln< 4“) + cos (cz? +
T
inputLintegrate(cos(c*x“2+b*x+a)/x‘2+b*sin(c*x‘2+b*x+a)/x,x, algorithm="fricas") J

output‘—(sqrt(2)*pi*x*sqrt(c/pi)*cos(—1/4*(b“2 - 4xaxc)/c)*fresnel_sin(1/2xsqrt(2
‘)*(2*c*x + b)*sqrt(c/pi)/c) + sqrt(2)*pi*x*sqrt(c/pi)*fresnel_cos(1/2*sqrt
‘(2)*(2*c*x + b)*sqrt(c/pi)/c)*sin(-1/4x(b"2 - 4*a*c)/c) + cos(c*x"2 + b*x
+a))/x |

2 T

3.5. f <COS(a+bx+cx2) + bsin(a+bx+cw2)) dz
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3.5.6 Sympy [F]

x? x
B / bz sin (a + bz + cz?) + cos (a + bz + cz?)

/(cos(a+bx+cx2) N bsin(a+bx+ccc2)> e

dx

xr2

inputLintegrate(cos(c*x**2+b*x+a)/x**2+b*sin(c*x**2+b*x+a)/x,x)

outputLIntegral((b*x*sin(a + b*x + ckx**x2) + cos(a + bxx + c*x**2))/x**2, x)

3.5.7 Maxima [F]

x? x
_ / bsin (cz? + bz + a) L o8 (cx? + bx + a)
B x x?

/(cos(a—i—bx—i—cﬁ) N bsin(a+bx+c:c2)> e

dx

input‘integrate(cos(c*x“2+b*x+a)/x”2+b*sin(c*x“2+b*x+a)/x,x, algorithm="maxima")

outputLintegrate(b*sin(c*x“Q + bxx + a)/x + cos(c*x”2 + b*x + a)/x"2, x)

3.5.8 Giac [F]

)
_ / bsin (cz® + bz + a) L o8 (cx? + bx + a)
B x x?

/(cos(a—i—bx—i—ch) N bsin(a+bx—|—ca:2)> e
T

dx

inputLintegrate(cos(c*x“2+b*x+a)/x“2+b*sin(c*x“2+b*x+a)/x,x, algorithm="giac")

outputLintegrate(b*sin(c*x“2 + b*x + a)/x + cos(c*x”2 + b*x + a)/x"2, x)

2 T

3.5. f (Cos(a+bx+cx2) + bsin(a+bx+cw2)) dz
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3.5.9 Mupad [F(-1)]

Timed out.

2 , 2
/(cos(a+bx+cx ) +bs1n(a+bx+cx )) i

z2 T

2 T

2 - 2
_/cos(cx +bx+a)+bsm(cm +bx+a)dx

input Lint(cos(a + b*x + c*x"2)/x"2 + (b*sin(a + b*x + c*x~2))/x,x)

output Lint(cos(a + b*x + c*x72)/x"2 + (b*sin(a + b*x + c*x72))/x, Xx)

2 T

3.5. f (Cos(a+bx+cx2) + bsin(a+bx+cw2)) dz



output
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3.6.1 Optimalresult . .. ... ... . .. ... 66!
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3.6.4 Maple [A] (verified) . ... ... . ... ... 70
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3.6.6 Sympy [F] . . . . . 72
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3.6.8 Giac [C] (verification not implemented) . . . .. ... ... .. ....... 73
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3.6.1 Optimal result

Integrand size = 16, antiderivative size = 251

T 2 — 4CT
b,/ cos <a + %) FresnelC (\"/6\2/2—”>

/z2cos(a+bx—ca:2) dx = —

4052
\/_ cos (a + ) FresnelS <\l}g—\2/c2%>
263/2
\/g FresnelC (\bff/ci) sin (a + 4C>
- 2¢3/2
b2\/— FresnelS <\b[\2/°£> sin (a + %Z)
405/2
_ bsin(a+bzr — cx?) zsin(a+ br — cx?)
4c2? 2c

-

-1/4%b*sin(—-c*x~2+b*x+a) /c"2-1/2*x*sin (—c*xx~2+b*x+a) /c-1/8*%b"2*cos (a+1/4*b
~2/c)*FresnelC(1/2* (-2*c*x+b) /c~(1/2)*2~(1/2) /Pi~(1/2))*2~(1/2)*Pi~(1/2)/c
~(5/2)+1/4*cos(a+1/4%b"2/c) *FresnelS(1/2* (-2*c*x+b) /c~(1/2)*2~(1/2) /Pi~(1/
2))*2°(1/2)*Pi~(1/2)/c~(3/2)-1/4%FresnelC(1/2* (-2*c*x+b) /c~(1/2)*2~(1/2) /P
i~(1/2))*sin(a+1/4%b~2/c)*2~(1/2)*Pi~(1/2)/c~(3/2)-1/8*b"2*FresnelS(1/2* (-
2xcxx+b) /c”(1/2)*27(1/2) /Pi~(1/2) ) *sin(a+1/4%b~2/c)*2~(1/2)*Pi~(1/2) /c~(5/

2)

36. [z*cos(a+br—cx?) dz
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3.6.2 Mathematica [A] (verified)

Time = 0.46 (sec) , antiderivative size = 164, normalized size of antiderivative = 0.65

/z2 cos (a + bz — ch) dx

B —+/2m FresnelS (%) (2000s (a + %i) — b?sin (a + %)) + /27 FresnelC (%) <b2 cos <a + %)

805/2

p

input LIntegrate [x"2*Cos[a + b*x - c*x~2],x]

~—

e N

(-(Sqrt [2*Pi] *FresnelS[(-b + 2*c*x)/(Sqrt[c]*Sqrt[2+%Pi])]*(2*c*Cos[a + b~2
‘ /(4xc)] - b"2xSin[a + b~2/(4*c)])) + Sqrt[2+Pi]*FresnelC[(-b + 2*c*x)/(Sqr ‘
‘ t [c]1*Sqrt[2*Pi])]1*(b"2*Cos[a + b~2/(4*c)] + 2xc*Sin[a + b~2/(4xc)]) - 2xSq ‘
rtlcl*(b + 2kcxx)*Sin[a + x*x(b - c*x)]1)/(8xc~(5/2))

N\ J

output

3.6.3 Rubi [A] (verified)

Time = 0.74 (sec) , antiderivative size = 261, normalized size of antiderivative = 1.04,

_ _ number of rules _
number of steps used = 10, number of rules used = 10, integrand size 0.625, Rules

used = {3945, 3928, 25, 3832, 3833, 3943, 3929, 25, 3832, 3833}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/w2 cos (a + bx — cw2) dx

| 3945
[sin(—ca®? +bz+a)dz b[zcos(—cx®+bz+a)dr zsin(a+ br — cz?)
2c + 2c B 2c
| 3928
sin (a+ &) [ cos M dz +cos (a+ %) [ —sin M dz
(o &) fcon (P27 o oon (o &) [ —sn ()|
b[zcos(—cz?+br+a)ds zsin(a+br — cz?)
2c a 2c

l25

36. [z*cos(a+br—cx?) dz
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sin <a + Z—i) | cos (M> dz — cos ( ) [ sin ((b 26@2) dz

+
b [ zcos (—cz? + bz + a2) dz  zsin (a+ bz — cz?)
2c 2c
| 3832
2 _
sin ( ) J cos ((b 2ol ) dzr + \/E608<a+?k);esnels<3gj%) N b [ zcos (—cz? + br + a) dz
2c 2c
zsin (a + bz — cz?)
2c
| 3833
bf o8 (_cx2 b+ a) " . \/Ecos(a—i—i)jraesnelS(\b/g\z/;iﬂ) B \/Esin(a—i—i)iraesnel(](\b/g\z/;iﬂ) )
2c 2c
zsin (a + bz — cz?)
2c
| 3943
(bfcos(—cm2+bz+a)dm _ sin(a+bm—cz2)>
2c 2c
2c +
\/g cos (a—l—i—i) FresnelS ( ;3%) \/g sin <a+ %) FresnelC ( \’}Ej%) )
7 - 7 zsin (a + bz — cz?)
2c 2c
| 3929
; (b(cos(a—}-’fa) fcos(%)dz—sin(a—i—%i) f—sin(%)dm) B sin(a+bwcz2)>
2c 2c
2c +
\/gcos <a+i—2c) F‘resnelS< ;\2/%) \/gsin <a+%> FresnelC ( \’Ej%) )
/e - 7 zsin (a + bz — cz?)
2c 2c
| 25
. (b(sin(a—i—i) fsin(%)dx—i—cos(a—i—%) fcos(%)dx) B sin(a+bxcx2))
2c 2c
2c +
\/g cos <a+2—2€) FresnelS ( 3;3%) \/g sin <a+ %) FresnelC ( 553;%) )
/e - /e zsin (a + bz — cz?)
2c 2c
| 3832

36. [z*cos(a+br—cx?) dz
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T sin b2 nelg [ b—2cz
b b (Cos <a+%2c> S COS((b_EEZF )dx_ o <“+ 40) j;s - (ﬁm> ) _ sin(a+be—ce?)
3 2c
2c "
See(or) emes(252e) [on(er ) menac(tze) :
— _ 7 _wsm(a—i—bm—cw)
% 2c
| 3833
X (_ ﬁcos(a+%2z> FresnelC(\b/gf/%) 3 \/gsin (aJr%EC) F‘resnelS( \b/gf/%) )
, N Ve _ sin(a+bz—cz2)
3 2c
2c ’
\/gcos <a+2—2c) FresnelS ( ;j%) ﬁsin <a+ %) FresnelC ( 353%) . 2
- _ NG _:csm(a+bx—c:c)
% 2c

-

input LInt [x"2*Cos[a + b*x - c*x72],x]

output | ((Sqrt[Pi/2]*Cos[a + b~2/(4*c)]*FresnelS[(b - 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])]
)/Sqrt[c] - (Sqrt[Pi/2]*FresnelC[(b - 2*c#*x)/(Sqrt[c]*Sqrt[2*Pi])]*Sin[a +
b~2/(4xc)])/Sqrtlcl)/(2xc) - (x*Sinl[a + bxx - c*x72])/(2xc) + (b*((bx(-((
Sqrt[Pi/2]*Cos[a + b~2/(4*c)]*FresnelC[(b - 2*c*x)/(Sqrt[c]*Sqrt[2*Pil)])/
Sqrtlc]l) - (Sqrt[Pi/2]*FresnelS[(b - 2*c*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a +
b~2/(4%c)]1)/Sqrtlcl))/(2*%c) - Sin[a + bxx - c*x"2]/(2%c)))/(2*c)

3.6.3.1 Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—/

rule 3832 | Int [Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

rule 3833 Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol]l :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

N

36. [z*cos(a+br—cx?) dz



rule 3928

rule 3929

rule 3943

rule 3945
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Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[Cos[(b~2 - 4x
axc)/(4xc)] Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] - Simp[Sin[(b~2 - 4*ax*c)
/ (4%c)] Int[Cos[(b + 2%c*x)~2/(4%c)], x], x] /; FreeQ[{a, b, c}, x] && Ne
Q[b~2 - 4*axc, 0]

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[Cos[(b"2 - 4x*
axc)/(4xc)] Int[Cos[(b + 2*c*x)~2/(4*c)], x], x] + Simp[Sin[(b~2 - 4x*axc)
/ (4%c)] Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && Ne
Q[b~2 - 4x*axc, 0]

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symboll
:> Simp[e*(Sin[a + b*x + c*x72]/(2%c)), x] + Simp[(2*c*d - b*e)/(2%c) Int
[Cos[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
xe, 0]

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]1*((d_.) + (e_.)*(x_))"(m_ ), x_Sym
bol] :> Simp[e*(d + e*x)~(m - 1)*(Sin[a + b*x + c*x~2]/(2*c)), x] + (-Simp[
(bxe - 2%c*d)/(2*c) Int[(d + e*x)"(m - 1)*Cos[a + b*x + c*x~2], x], x] -

Simp[e™2*x((m - 1)/(2%c)) Int[(d + exx)"(m - 2)*Sin[a + b*x + c*x~2], x],

x]) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2*c*d, 0] && GtQ[m, 1]

3.6.4 Maple [A] (verified)

Time = 1.76 (sec) , antiderivative size = 224, normalized size of antiderivative = 0.89

36. [z*cos(a+br—cx?) dz
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method | result
b2 VZ (—ca+b b2 VZ (—ca+b
+ac . +ac
I N (= R e = )
- 2¢ + 4c/—c
zsin(—c x2+bx+a)
default | — 5o + 5o +
i(4act+b?) ‘ i(4ac+b?) ‘ i(4ac+b?) ‘
isch b2\ /me”  4c erf(y/—icz—}- 2\}%) iy/me” 4c erf(w/—ica:—i—%/’ific) b2\ /re” 4c erf(—\/ﬁm—i— 2%)
s 16c2+/—ic + 8cv/—ic o 16c2+/ic +
cos(4actb2 ) C <— \/?jf—c+
Var?
b2 ﬁ(—cm-kb) ﬁ \/E(—c:c-&-b)
°r tac 2 s tac 2
\/iﬁz2cos< - >C< TV e V2 /7 2 sin 4c S Vv
parts s — W +

inputLint(x“2*cos(-c*x“2+b*x+a),x,method=_RETURNVERBUSE)

output | -1/2*x*sin(-c*x~2+b*x+a) /c+1/2xb/c* (-1/2*sin (-c*x”~2+b*x+a) /c+1/4*b/c*2”(1/
2)*%Pi~(1/2)/(-c)~(1/2)*(cos((1/4%b"2+a*c) /c)*FresnelC(2"°(1/2) /Pi~(1/2)/(-c
)~ (1/2) * (—c*x+1/2%b) ) -sin((1/4*b~2+ax*c) /c) *FresnelS (2~ (1/2) /Pi~(1/2)/(-¢c)~
(1/2) *(—c*x+1/2*%b))))+1/4/c*x2~ (1/2)*Pi~(1/2) / (-c) " (1/2) * (cos ((1/4*b~2+a*c)
/c)*FresnelS(27(1/2)/Pi~(1/2)/(-c)~(1/2)*(-c*x+1/2%b) ) +sin((1/4*¥b"2+a*c) /c
)*FresnelC(2~(1/2)/Pi~(1/2)/(-c)~(1/2) *(—c*x+1/2%Db)))

3.6.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 178, normalized size of antiderivative = 0.71

/x2 cos (a + bz — cz?) dz

V2(2cz—b),/ <
\/§<7rb2 cos (lﬁz—iac> +2mesin <b2j1_—im>) VEC <(2—c)\/:) + \/§<7Tb2 sin (—b2ﬁ“c> — 27ccos <—b2*4“é‘

8¢l

inputLintegrate(x‘2*cos(-c*x‘2+b*x+a),x, algorithm="fricas")

36. [z*cos(a+br—cx?) dz
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output | 1/8%(sqrt(2)*(pi*b~2*cos(1/4*(b"2 + 4*a*c)/c) + 2*pixc*ksin(1/4*(b~2 + 4*ax
c)/c))*sqrt(c/pi)*fresnel_cos(1/2*sqrt(2)*(2xc*x - b)*sqrt(c/pi)/c) + sqrt
(2)*(pi*b~2*sin(1/4* (b2 + 4*a*c)/c) - 2*pi*ckcos(1/4*%(b~2 + 4x*a*c)/c))*sq
rt(c/pi)*fresnel_sin(1/2*sqrt(2)*(2xc*x - b)*sqrt(c/pi)/c) + 2% (2xc™2*xx +

b*c)*sin(c*x™2 - b*x - a))/c”3

3.6.6 Sympy [F]

/1‘2cos (a+ bz — cz?) d:c=/x200s (a+ bz —cz?) dzx

input ‘ integrate (x**2%cos (-cxx**2+b*x+a) ,x)

p
output LIntegral(x**Q*cos(a + bxx - ckx**2), x)

~—

3.6.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.10 (sec) , antiderivative size = 1570, normalized size of antiderivative = 6.25

/ z2 cos (a + br — c:v2) dx = Too large to display

input  integrate(x~2*cos(-c*x"2+b*x+a) ,x, algorithm="maxima")

N\

36. [z*cos(a+br—cx?) dz
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output | 1/32* (8% (((-(I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt ((4*I*c~2%x"2 - 4*Ixbkc*
x + I*b"2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(-(4*Ixc™2*x"2
- 4%Ixb*cxx + I*b72)/c)) - 1))*b"2xc”3 + 4*((I + 1)#*sqrt(2)*gamma(3/2, 1/
4% (4xI*c~2%x"2 — 4*xIxbxc*x + I*b~2)/c) - (I - 1)*sqrt(2)*gamma(3/2, -1/4*(
4*I*c™2*%x"2 - 4*Ixb*cxx + I*b~2)/c))*c”4)*cos(1/4*(b"2 + 4*axc)/c) + (((I
+ 1)*sqrt(2) *sqrt (pi)*(erf (1/2*sqrt ((4*I*c~2*x~2 - 4*I*xb*c*x + I*b~2)/c))
- 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(-(4xI*c"2%x"2 — 4xI*bxc*x +
I¥b"2)/c)) - 1))*b~2xc"3 + 4x((I - 1)*sqrt(2)*gamma(3/2, 1/4%(4*xI*c~2*x"2
- 4xIxbxcxx + Ixb~2)/c) - (I + 1)*sqrt(2)*gamma(3/2, -1/4*(4*Ixc 2*x"2 - 4
*Ixbkxc*x + I*b~2)/c))*c”4)*sin(1/4*%(b~2 + 4xaxc)/c))*x”~3 + 12%x((((I - 1)*s
qrt (2) *sqrt (pi)* (erf (1/2*sqrt ((4*I*c™2*x"2 - 4*xIxbxc*x + I*¥b~2)/c)) - 1) -
(I + 1)#*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(-(4*xI*xc 2*x"2 - 4*I*bxc*x + I*b~2)
/c)) = 1))*b~3%c”2 + 4% (-(I + 1)*sqrt(2)*gamma(3/2, 1/4%(4*Ixc”2*xx"2 - 4x*I
xbxc*x + I*b~2)/c) + (I - 1)*sqrt(2)*gamma(3/2, -1/4*(4*I*xc~2%x"2 — 4*I*b*
cxx + I*b72)/c))*bxc”3)*cos(1/4*x(b~2 + 4*axc)/c) + ((-(I + 1)*sqrt(2)*sqrt
(pi)*(erf (1/2*sqrt ((4*I*c~2*%x"2 - 4*I*b*cxx + I*b~2)/c)) - 1) + (I - 1)*sq
rt(2)*sqrt (pi) *(erf (1/2*sqrt (- (4*I*c”™2%x"2 — 4xI*b*c*x + I*b~2)/c)) - 1))*
b~3*%c"2 + 4% (-(I - 1)*sqrt(2)*gamma(3/2, 1/4*(4*I*c™2%x"2 — 4*I*bkcxx + Ix*
b~2)/c) + (I + 1)*sqrt(2)*gamma(3/2, -1/4*(4*I*c™2*x~2 - 4xI*bxckx + I*b~2
)/c))*bkc~3) *sin(1/4%(b~2 + 4*axc)/c))*x"2 + 8*(bkxc™2%(-I*e~(1/4*(4xIx*c...

3.6.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.33 (sec) , antiderivative size = 229, normalized size of antiderivative = 0.91

/z2 cos (a + bz — cz?) dr =

B/ (2421 ) exf (—Li /3 B\ [ ie (_zéggggg)
Bl LS (21»(62:)%"”1) Vi) — 2 (c(~2iz + i) — 2ib)elics’ibe=ia)
m C
- 16 2
iv2y/7(b?—2ic) erf(li\/i(zz—ﬁ) <—E+1)\/ﬂ>e(_w> .
T 2 2) s
— " el ¢
16 ¢2

input  integrate(x~2*cos(-c*x"2+b*x+a) ,x, algorithm="giac")

36. [z*cos(a+br—cx?) dz
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output | -1/16* (-I*sqrt(2)*sqrt(pi)*(b"2 + 2xIxc)*erf (-1/4*I*sqrt(2)*(2*xx - b/c)*(I
xc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4*(Ixb~2 + 4xIxa*c)/c)/((I*c/abs(c) + 1
Y*¥sqrt(abs(c))) - 2%(c*(-2%I*x + I*b/c) - 2%I*b)*e” (I*c*x~2 - I*b*x - I*a)
)/c”2 - 1/16%(I*sqrt(2)*sqrt(pi)*(b~2 - 2xIxc)*erf (1/4*I*sqrt(2)*(2*xx - b/
c)*(-I*c/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4*(-I*#b"2 - 4xI*axc)/c)/((-Ixc/ab
s(c) + 1)*sqrt(abs(c))) - 2x(cx(2*I*x - I*b/c) + 2xI*b)*e” (-I*c*x~2 + I*b*
x + Ixa))/c"2

3.6.9 Mupad [F(-1)]

Timed out.

/z2cos (a+bx—cx2) dr = /x2 cos (—cz2—|—bz—|—a) dx

inputtint(x‘Q*cos(a + bxx - c*xx~2),x)

output‘int(x‘Q*cos(a + bxx - c*xx~2), x)

36. [z*cos(a+br—cx?) dz
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3.7 [ zcos(a+ bz — cz?) dx

3.71 Optimalresult . . . . .. ... . .. . 751
3.7.2 Mathematica [A] (verified) . . . . . .. ... ... Lo oL 75
3.7.3 Rubi [A] (verified) . . . . .. ... 76
3.7.4 Maple [A] (verified) . . . ... ... ... [r8
3.7.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 78
3.7.6  Sympy [F] . . . . 79
3.7.7 Maxima [C] (verification not implemented) . . . . . . .. ... ... ... .. 79
3.7.8 Giac [C] (verification not implemented) . . . ... .. ... ... ...... R0
3.7.9 Mupad [F(-1)] . . . . o o 1]

3.7.1 Optimal result

Integrand size = 14, antiderivative size = 124

b\/% cos (a + Z—Z) FresnelC <\’Z\2;2£7r)

/xcos (a+ bz —cz?) do =

203/2
T b—2cx : b2
- b,/7 FresnelS <\ﬁ¢27) sin (a + 4—6) _sin(a+ bz — cz?)
2¢3/2 2c

output‘-1/2*sin(-c*x“2+b*x+a)/c-1/4*b*cos(a+1/4*b“2/c)*FresnelC(1/2*(-2*c*x+b)/c“
‘ (1/2)*27(1/2) /Pi~(1/2))*2~(1/2)*Pi~(1/2) /c~ (3/2) -1/4%b*FresnelS (1/2* (-2*c* ‘
‘ x+b) /c”(1/2)%2~(1/2) /Pi~(1/2)) *sin(a+1/4*xb"2/c)*2~(1/2)*Pi~(1/2)/c~(3/2) ‘

3.7.2 Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 116, normalized size of antiderivative = 0.94

/mcos (a + bz — ch) dz

B bv/2m cos <a + Z—i) FresnelC (:}’g%f) + bv/27 FresnelS (:}?7%”) sin (a + %) — 24/csin(a + z(b — cx))

4c3/2

input LIntegrate [x*Cos[a + b*x - c*x72],x]

~—

3.7.  [zcos(a+ bz — cz?) dz
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output ‘ (b*Sqrt [2*Pi]*Cos[a + b~2/(4*c)]*FresnelC[(-b + 2*c#*x)/(Sqrt[c]*Sqrt[2*Pi]

input

)1 + b*Sqrt[2*Pi]*FresnelS[(-b + 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])]*Sin[a + b~2/
(4%c)] - 2+Sqrtlcl*Sin[a + x*(b - c*x)])/(4*%c~(3/2))

3.7.3 Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.02,
number of steps used = 5, number of rules used = 5, Lumber of rules _ ( 357 Ryjes used

integrand size
= {3943, 3929, 25, 3832, 3833}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/wcos (a+ bz —cx2) dz

| 3943
b [ cos (—cav2 + bx + a) dx B sin (a + bx — ca:2)
2c 2c
| 3929
b(cos ( ) J cos ((b 2c0)* ) dz — sin (a + Z—i) [ —sin <M> da:) sin (a + bz — cz?)
2c B 2c

| 25

b(sin< )fsm((b Zcx) )dac+cos <a+ )fcos(

) da:) sin (a + br — cz?)

2c 5

| 3832
? (b—2cz)? \/Esin (a—i—%) FresnelS( b:%fr)
meSQV+L>fC“(fk)dx_ — sin (a + bz — cz?)

2c - %

| 3833
ol — ﬁcos (a-l— %) FresnelC(\b/g\z/;iﬂ) B \/gsin (a+z ) FresnelS(fm)
" ve sin (a + br — cz?)
2c - %0

N

Int[x*Cos[a + b*x - c*x~2],x]

3.7.  [zcos(a+ bz — cz?) dz



output

rule 25

rule 3832

rule 3833

rule 3929

rule 3943
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‘ (b*(-((Sqrt[Pi/2]*Cos[a + b~2/(4*c)]*FresnelC[(b - 2*c*x)/(Sqrt[c]*Sqrt[2*
‘ Pil)]1)/Sqrtlc]) - (Sqrt[Pi/2]*FresnelS[(b - 2xc*x)/(Sqrt[c]*Sqrt[2xPi])]*S
‘ infa + b~2/(4%*c)])/Sqrtlcl))/(2*c) - Sin[a + b*x - c*x~2]/(2*c)

3.7.3.1 Defintions of rubi rules used

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

‘Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

N\

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol]l :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[Cos[(b~2 - 4%
axc)/(4*%c)]  Int[Cos[(b + 2*c*x)~2/(4*c)], x], x] + Simp[Sin[(b~2 - 4*a*c)
/ (4%c)] Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && Ne
Q[b~2 - 4xaxc, 0]

Int[Cosl[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1*((d_.) + (e_.)*(x_)), x_Symboll

:> Simp[ex(Sin[a + b*x + c*x72]/(2%c)), x] + Simp[(2*c*d - bxe)/(2%c) Int
[Cos[a + b*x + c*xx72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
xe, 0]

3.7.  [zcos(a+ bz — cz?) dz
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3.7.4 Maple [A] (verified)

Time = 0.86 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.89

method | result
b2 V2 (—ca+}) b2, V2 (—co+})
/2 I tac C 2 o 1 tac g b
d f lt sin(—c z2+bx+a) fﬁ <Cos< ¢ ) < Vrve - ‘ vrVTe
elan - 2c + 4ev/—c
i(4ac+b?) ‘ i(4ac+b2) .
isch by/me~ 4c erf(w/—icac—i-%/’%c) by/me  4dc erf(—\/?cz—l— 2%) sin(—ca2+bz+a)
TSC 8cv/—1ic - 8cvic o 2c
b2 “+ac
cos < Tc > V2 /T —¢ C<
V2ym | -
2 —CIT b 2 ac —CIT b
ﬂﬁxcos(bT:aC)C(ﬁ\E?\/_if)) ﬂﬁxsin(bT: >S<\/§\(ﬁ\/_if)>
parts 2v/—c - 2v/—c -
inputLint(x*cos(-c*x“2+b*x+a),x,method=_RETURNVERBOSE) J

output| -1/2*sin(-ckx"2+bxx+a)/c+l/4xb/cx2™ (1/2)*Pi"(1/2)/(-c)~ (1/2)*(cos ((1/4+b~2
+axc)/c)#FresnelC(2°(1/2) /Pi~(1/2)/(-c)~(1/2)*(-c*x+1/2¥b)) -sin((1/4¥b~2+a
‘*c)/c)*FresnelS(2‘(1/2)/Pi‘(1/2)/(-c)‘(1/2)*(—c*x+1/2*b))) ‘

3.7.5 Fricas [A] (verification not implemented)
Time = 0.29 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.01
/mcos (a+ bz —cz?) dx

V2(2cz—b),/ < V2(2cz—b),/ <
\/§7rb\/§cos (%) C ((2—6)\/:) + \/ﬁﬂb\/ES ((2—6)\/:> sin (%) + 2csin (cx? — bzx —

4 c?

inputLintegrate(x*cos(-c*x”2+b*x+a),x, algorithm="fricas") J

3.7.  [zcos(a+ bz — cz?) dz
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output‘1/4*(sqrt(2)*pi*b*sqrt(c/pi)*cos(1/4*(b“2 + 4xaxc)/c)*fresnel_cos(1/2*sqrt
‘(2)*(2*c*x - b)*sqrt(c/pi)/c) + sqrt(2)*pixb*sqrt(c/pi)*fresnel_sin(1/2*sq
‘rt(2)*(2*c*x - b)*sqrt(c/pi)/c)*sin(1/4*(b"2 + 4*axc)/c) + 2*cxsin(c*x"2 -
| bxx - a))/c"2 |

3.7.6 Sympy [F]

/xcos (a+bx—cx2) dm=/wcos (a—l—bx—cm2) dx

input Lintegrate (x*cos (—ckx**2+b*x+a) ,x) J

output‘Integral(x*cos(a + b*x - cxx**2), X) ‘

3.7.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.62 (sec) , antiderivative size = 580, normalized size of antiderivative = 4.68

/zcos (a+bx—cz2) dr =

(—(i— 1) ﬁﬁ(erf (% \/4ic2x2—4;ibcx+ib2) _ 1) 4 i+ 1) ﬁﬁ(erf (% \/_4ic2x2—40ibcx+ib2> _1

/

inputtintegrate(x*cos(—c*x‘2+b*x+a),x, algorithm="maxima") J

3.7.  [zcos(a+ bz — cz?) dz
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output | -1/16x((-(I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt ((4*I*xc~2*%x"2 - 4*I*b*c*x +
I*¥b"2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt (-(4*xI*xc 2*x"2 -
4*I*xbxc*x + I*b~2)/c)) - 1))*b"2xcos(1/4*(b"2 + 4xa*c)/c) + ((I + 1)*sqrt(
2)*sqrt (pi) *(erf (1/2*sqrt ((4*Ixc™2xx"2 - 4*xIxb*cxx + I*b~2)/c)) - 1) - (I
- 1) *sqrt(2)*sqrt (pi) * (erf (1/2*sqrt (- (4*I*c”™2*xx"2 - 4xI*b*c*x + I*b~2)/c))
- 1))*b"2xsin(1/4*(b"2 + 4xa*c)/c) - 2x((-(I - 1)*sqrt(2)*sqrt(pi)*(erf (1
/2*sqrt ((4*Ixc™2xx"2 - 4*xIxbkcxx + I*b~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(
pi)*(erf (1/2*sqrt (- (4*I*c™2%x"2 - 4*Ixb*c*x + I*b~2)/c)) - 1))*bxcxcos(1/4
*(b"2 + 4%axc)/c) + ((I + 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt((4*I*xc"2%x"2 -
4xIxbxcxx + I*¥b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(-(4x*
Ixc™2%x72 - 4xI*bkcxx + I*b~2)/c)) - 1))*b*c*ksin(1/4*(b~2 + 4*a*c)/c))*x -
4x(cx (-I*xe~(1/4%(4*I*c™2%x"2 - 4xIxbxc*kx + Ixb~2)/c) + Ixe”(-1/4%(4*Ixc”2
*x"2 - 4xIxbxcxx + I*b~2)/c))*cos(1/4*(b~2 + 4*a*xc)/c) - c*(e”(1/4%(4xIxc”
2*x72 - 4*xIxbxc*x + I*b~2)/c) + e (-1/4%(4xI*c”2%x"2 - 4*I*bxc*x + I*b~2)/
c))*sin(1/4x(b~2 + 4*axc)/c))*sqrt((4*xc™2xx"2 - 4xbxc*x + b~2)/c))/(c"2*sq

rt ((4*xc™2*xx"2 - 4xbxcxx + b~2)/c))

3.7.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.37 (sec) , antiderivative size = 185, normalized size of antiderivative = 1.49

/xcos (a+ bz —cz?) do

4iac

b2
_iﬁﬁberf<_%iﬁ(2z_g)(ic_i_l)\/l?l)e(_b%)

c) \lel

+ % e(i cr?—ibr—1i a)

N N
- 8c
. | - (-=ties)
zx/iﬁbel‘f(i’t \/5(213—%) <_ﬁ+1> \/H)e _ 22 e(—ic:z:2~|—ib1‘+ia)
Cian) o
- 8c

inputLintegrate(x*cos(-c*x‘2+b*x+a),x, algorithm="giac")

output | -1/8+* (-I*sqrt (2)*sqrt (pi)*bxerf (-1/4*Ixsqrt(2)*(2*xx - b/c)*(I*c/abs(c) + 1
)xsqrt(abs(c)))*e”(-1/4x(Ixb~2 + 4xIxaxc)/c)/((Ixc/abs(c) + 1)*sqrt(abs(c)
)) + 2xI*xe~(I*c*x~2 - I*bxx - I*a))/c - 1/8x(I*sqrt(2)*sqrt(pi)*bxerf (1/4x%
I*sqrt(2)*(2*x - b/c)*(-Ixc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4*%(-Ixb~2 - 4%
Ixaxc)/c)/((-I*c/abs(c) + 1)*sqrt(abs(c))) - 2*Ixe”(-I*c*x"2 + I*b*x + I*a
))/c

3.7.  [zcos(a+ bz — cz?) dz
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3.7.9 Mupad [F(-1)]
Timed out.

/xcos (a+ bz — cz?) da:z/a: cos (—cz® + bz +a) dr

inputtint(x*cos(a + b*x - c*x72),x)

output Lint(x*cos(a + b*x - c*x"2), x)

3.7.  [zcos(a+ bz — cz?) dz
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3.8 [ cos (a+ bz — cz?) dx

3.8.1 Optimalresult . .. ... ... .. ...
3.8.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL
3.8.3 Rubi [A] (verified) . . .. ... ...
3.8.4 Maple [A] (verified) . ... ... . ... .
3.8.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ...
3.8.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... ..
3.8.7 Maxima [C] (verification not implemented) . . . . . . ... ... ... ... ..
3.8.8 Giac [C] (verification not implemented) . . . .. ... ... ... ......
3.8.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ......

3.8.1 Optimal result

Integrand size = 12, antiderivative size = 99

T b2 b—2cx
\/g cos (a + 4—C> FresnelC < Wi

/cos(a+bx—ca:2) dr = — \/E )
\/_ FresnelS ( ) sin ( + b—i)

¢4,
Ve

output ‘ -1/2*cos (a+1/4*b~2/c) *FresnelC(1/2* (-2*c*x+b) /c~(1/2)*2~(1/2) /Pi~(1/2))*2~
‘ (1/2)*%Pi~(1/2)/c”(1/2)-1/2*FresnelS(1/2*(-2xc*x+b) /c~(1/2)*2~(1/2) /Pi~ (1/2

-

3.8.2 Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.89

/cos (a+ bz —cz?) do

V3 (cos (a + Z—i) FresnelC (:[ ) + FresnelS ( bj:;}:) sin (a + Z‘i))
NG

input‘ Integrate[Cos[a + b*x - c*x~2],x]

38.  [cos(a+bx —cz?) dzx
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output ‘ (Sqrt[Pi/2]*(Cos[a + b~2/(4*c)]*FresnelC[(-b + 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])
‘ ] + FresnelS[(-b + 2*c*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a + b~2/(4*c)]))/Sqrt[
£

3.8.3 Rubi [A] (verified)
Time = 0.28 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ (, 333 Ry 10q yged = {3929,

integrand size
25, 3832, 3833}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cos (a+ bz — cz?) dz
l 3929
b* (b — 2cz)” : b . ((b—2cx)?
cos (a + 4c> /cos (40) dz — sin (a+ 40> /—sm (40) dx
l 25
2 _ 2 9 B 9
sin a—i—b— /sin M dx + cos a+b— /cos w dx
4c 4c 4c dc

| 3832
cos <a+ Z) /cos ((b—fccm)2> . /5 sin (a—i— Zi)j_‘:esnels <\b/;2/‘;£7r>
| 3833
\/g cos <a + Z—z) FresnelC (\%j‘%) \/g sin (a + Z—i) FresnelS (32?/2%)
— 7 B -

-

input LInt [Cos[a + b*x - c*x~2],x]

output ‘ -((Sqrt[Pi/2]*Cos[a + b~2/(4*c)]*FresnelC[(b - 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])
‘ 1)/8artlcl) - (Sqrt[Pi/2]*FresnelS[(b - 2*c*x)/(Sqrt[c]*Sqrt[2+Pi]l)]*Sin[a
+ b~2/(4%c)])/Sqrt[cl]

N

38.  [cos(a+bx —cz?) dzx

~—
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3.8.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3832 Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol]l :> Simp[(Sqrt[Pi/2]/(£f*Rt[

d, 21))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

rule 3833 | Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[

d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

ruk33929‘Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[Cos[(b~2 - 4x
‘a*c)/(4*c)] Int[Cos[(b + 2*c*x)~2/(4*c)], x], x] + Simp[Sin[(b"2 - 4*axc)
‘/(4*0)] Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && Ne
‘Q[b‘2 - 4xaxc, 0]

3.8.4 Maple [A] (verified)

Time = 0.33 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.89

method | result size
i (o ) o 222D
default e 88
i(4ac b2 i(4ac b2
isch \/Tre_(iél:i) erf(x/—iicx—i—%/i%c) Ve (s 4c+ ) erf(—ﬁx%—z%)
risc W — i 95

input tint (cos(-c*x~2+b*x+a) ,x,method=_RETURNVERBOSE)

output‘1/2*2‘(1/2)*Pi‘(1/2)/(—c)“(1/2)*(cos((1/4*b‘2+a*c)/c)*FresnelC(2‘(1/2)/Pi‘
‘(1/2)/(-c)“(1/2)*(-c*x+1/2*b))—sin((1/4*b‘2+a*c)/c)*FresnelS(Z‘(1/2)/Pi‘(1
‘/2)/(-0)‘(1/2)*(-C*X+1/2*b)))

38.  [cos(a+bx —cz?) dzx
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3.8.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.07

/cos (a + bz — cx2) dx

V2(2cz—b),/< V2(2cz—b),/ <
\/iw\/fcos (—bQZi“> C (—( P )\/:) + \/577\/58 <—( oF )\/:) sin (—bQ’;‘i“>

2¢c

input‘integrate(cos(—c*x‘2+b*x+a),x, algorithm="fricas")

output‘1/2*(sqrt(2)*pi*sqrt(c/pi)*cos(1/4*(b“2 + 4xa*c)/c)*fresnel_cos(1/2*sqrt(2
‘)*(2*c*x - b)*sqrt(c/pi)/c) + sqrt(2)*pi*sqrt(c/pi)*fresnel_sin(1/2*sqrt(2
L)*(2*c*x - b)*sqrt(c/pi)/c)*sin(1/4*(b~2 + 4*axc)/c))/c

3.8.6 Sympy [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.95

/cos (a + bz — ca:2) dx

Ve E)S(552) om0 E)e()
2

p
input Lintegrate (cos (-c*xx**2+b*x+a) ,x)

~—

output‘sqrt(2)*sqrt(pi)*sqrt(—l/c)*(—sin(a + bx*2/(4*c))*fresnels(sqrt(2)*(b - 2%
‘c*x)/(2*sqrt(pi)*sqrt(—c))) + cos(a + b*x2/(4xc))*fresnelc(sqrt(2)*(b - 2*
‘c*x)/(2*sqrt(pi)*sqrt(—c))))/2

38.  [cos(a+bx —cz?) dzx
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3.8.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.25 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.13

/cos (a + bx — cz2) dz

B ﬂﬁ((—(z —1) cos <%> + (i+1) sin <%>> erf (%ﬁ) + <—(z +1) cos (l’QZ—i“c> + (i —1)
= We

e DY
inputLintegrate(cos(-c*x“2+b*x+a),x, algorithm="maxima" J

output‘1/8*sqrt(2)*sqrt(pi)*((-(I - 1)*cos(1/4*(b"2 + 4*a*c)/c) + (I + 1)*sin(1/4
(%(b™2 + 4xaxc)/c))*erf (1/2%(2%Ixcxx - I¥b)/sqrt(Ixc)) + (-(I + 1)*cos(1/4x
‘(b‘z + 4xaxc)/c) + (I - 1)*sin(1/4x(b"2 + 4xaxc)/c))*erf(1/2%x(2%I*c*kx - I*
b)/sqrt(-T+c))) /sqrt (c) |

3.8.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.36 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.38

_ib24diac

/COS (a+bx —ca?) dz = iva/ret <_%i\/§(2x._ 2 (ﬁ + 1> \/H> o(—1ptee)
4 (i +1)V/idl

lel

—ib%2—4diac

ivavmet (1iva2a - ) (=i +1) Vi) o~ =)
4(—%+&)¢E{

input Lintegrate (cos(-c*x"2+b*x+a) ,x, algorithm="giac") J

output‘1/4*I*sqrt(2)*sqrt(pi)*erf(-1/4*I*sqrt(2)*(2*x - b/c)*(I*c/abs(c) + 1)*sqr
‘t(abs(c)))*e“(-1/4*(I*b‘2 + 4xIxaxc)/c)/((Ixc/abs(c) + 1)*sqrt(abs(c))) -
‘1/4*I*sqrt(2)*sqrt(pi)*erf(1/4*I*sqrt(2)*(2*x - b/c)*(-I*c/abs(c) + 1)*sqr
‘t(abs(c)))*e™(~1/4*(~I#b~2 - 4xIxakc)/c)/((-I*c/abs(c) + 1)*sqrt(abs(c)))

38.  [cos(a+bx —cz?) dzx
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3.8.9 Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.06

Nz 4c

RO PEDTY e (500)

/cos(a+b:c—cm2) dx = 5

V2 ﬁs(%) sin (P /71
- 2

-

input int(cos(a + b*x - c*x~2),x)

N\

output‘(2“(1/2)*pi‘(1/2)*fresnelc((2*(1/2)*(b/2 - c*xx)*(-1/c)"(1/2)) /pi~(1/2) ) *co
‘s((4*a*c + b72)/(4xc))*(-1/c)~(1/2))/2 - (27(1/2)*pi~(1/2)*fresnels((2~(1/
\2)*(b/2 - cxx)*(-1/c)~(1/2)) /pi~(1/2) )*sin((4*a*xc + b~2)/(4*c))*(-1/c)~(1/
\2))/2

38.  [cos(a+bx —cz?) dzx
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3.9 f cos(a+br—cz?) da

T
3.9.1 Optimalresult . . .. ... ... . ... .. . 88|
3.9.2 Mathematica [N/A] . . . . . . . . 88
3.9.3 Rubi [N/A] . . oo oot 59
3.9.4 Maple [N/A] (verified) . . . . . . ... . ]9
3.9.5 Fricas [N/A] . . . . . . 90
3.9.6 Sympy [N/A] . . . 90
3.9.7 Maxima [N/A] . . . . . e )
3.9.8 Giac [N/A] . . . . . OT]
3.99 Mupad [N/A] . . . OT]

3.9.1 Optimal result

Integrand size = 16, antiderivative size = 16

T T

/ cos (a + bz — cz?) e — Tnt (cos (a+ bx — cx?) x)

output LUnintegrable (cos(-c*x™2+b*x+a) /x,x) J

3.9.2 Mathematica [N/A]
Not integrable

Time = 2.05 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/cos(a+bx—cx2) dx_/cos(a+bx—cx2)

T T

( hY

input | Integrate[Cos[a + b*x - c*x~2]/x,x]

output LIntegrate [Cos[a + b*x - c*x~2]/x, x] J

3.9. f cos(a+bx—cz2) dz

T
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3.9.3 Rubi [N/A]

Not integrable

Time = 0.16 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {3951}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cos (a+ bz — cz?) p
XL

X
l 3951
br — 2
/cos(a+ X — CI )da:
X
inputLInt [Cos[a + b*x - c*x~2]/x,x] J

-

output L$Aborted

~—/

3.9.3.1 Defintions of rubi rules used

rule 3951‘Int[Cos[(a_.) + (b_)*(x_) + (c_)*x(x_)"2]1"(n_.)*((d_.) + (e_.)*(x_))"(m_.) ‘
, X_Symbol] :> Unintegrable[(d + e*x) m*Cos[a + b*x + c*x"2]"n, x] /; FreeQ
'[a, b, ¢, d, e, m, 0}, x] |

3.9.4 Maple [N/A] (verified)
Not integrable

Time = 0.25 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ cos (—cz? + bz + a)
T

dz

input‘ int (cos (-cxx™2+b*x+a) /x,x) ‘

output Lint(cos(-c*x"2+b*x+a) /%,%) J

3.9. f cos(a+bx—cz2) dx

T
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3.9.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

_ 2 a2
/cos(a+zx cx)dxzfcos( ca:x+bx+a)dx

inputLintegrate(cos(—c*x“2+b*x+a)/x,x, algorithm="fricas")

output tintegral(cos(c*x’? - bxx - a)/x, x)

3.9.6 Sympy [N/A]
Not integrable

Time = 0.40 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/cos(a+bx—cx2) dx_/cos(a—l—bz—cxz) i

T T

p
inputtintegrate(cos(—c*x**2+b*x+a)/x,x)

e—

p
output LIntegral(cos(a + b*x - cxx**2)/x, x)

-/

3.9.7 Maxima [N/A]

Not integrable

Time = 0.37 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

— cr2 2
/cos(a+b:c cx)dw:/cos( cx;tbr—l—a)dx
x

input Lintegrate (cos(-c*x~2+b*x+a) /x,x, algorithm="maxima")

-/

output Lintegrate(cos(c*x‘Q - bxx - a)/x, x)

3.9. f cos(a+bx—cz2) dz

T
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3.9.8 Giac [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

_ 2 a2
/cos(a+zx ca:)dxzfcos( ca:x+bx+a)dx

inputLintegrate(cos(—c*x“2+b*x+a)/x,x, algorithm="giac")

outputtintegrate(cos(—c*x‘2 + b*x + a)/x, x)

3.9.9 Mupad [N/A]
Not integrable

Time = 14.38 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/cos(a+bx—cz2) dx_/cos(—cxz—l-bz—i—a) i

T T

p
inputtint(cos(a + b*x - c*x72)/x,x)

e—

output| int(cos(a + b*x - c*x~2)/x, x)

)

-/

3.9. f cos(a+bx—cz2) dz

T
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2 . 2

3.10 f (cos (a+xb2x cz?) n bsin (a+al::13 cz?) ) da

3.10.1 Optimal result . . . . . . . . . . ... 92]
3.10.2 Mathematica [A] (verified) . . . . . .. ... .. ..o 92
3.10.3 Rubi [A] (verified) . . . . . . .. .. 93
3.104 Maple [F] . . . . . o 94
3.10.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 94
3.10.6 Sympy [F] . . . . . e 95
3.10.7 Maxima [F] . . . . . . . . 95
3.10.8 Giac [F] . . . . . o 95i

3.10.9 Mupad [F(-1)] . . . . oo

3.10.1 Optimal result

Integrand size = 34, antiderivative size = 111

/(cos(a+bx—cm2) N bsin (a + bz — cz? )) i

2 T

=_cos(a+zx—cx) \/_\/_cos<a ) esnelS(b 2cx>

Vo
— v/cV/27 FresnelC (\[\/_) sin( 4—2>

output ‘ -cos (-c*x~2+b*x+a) /x+cos(a+1/4*%b~2/c) *FresnelS(1/2% (-2%c*x+b) /c~(1/2)*2~ (1
‘ /2)/Pi~(1/2))*c~(1/2)*2~(1/2)*Pi~(1/2)-FresnelC(1/2* (-2*c*x+b) /c~(1/2)*2~(
‘ 1/2)/Pi~(1/2))*sin(a+1/4*%b"2/c)*c~(1/2)*2~(1/2)*Pi~(1/2)

3.10.2 Mathematica [A] (verified)

Time = 2.42 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.03

— cr? i — o2
/(cos(a+bx c:c)+bs1n(a+bz cx)) i

x? x
_ 2 _
__cos(a+xz(b—cz)) Jev/2r cos <a+ b_> FresnelS ( b+ 2cx)
x 4dc Ve 2
—b+2czx\ . b?
+ v/cV/27 FresnelC ( Ner: ) sin (a—+—@)

2 T

3.10. f (cos(a+bx—cx2) n bSin(a+bx—cx2)> i
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input‘ Integrate[Cos[a + b*x - c*x~2]/x"2 + (b*Sin[a + b*x - c*x~2])/x,x] ‘

‘ [(-b + 2xc*x)/(Sqrt[c]*Sqrt[2+%Pi])] + Sqrt[c]*Sqrt[2+Pi]*FresnelC[(-b + 2%

output ‘/-(Cos [a + xx(b - c*x)]1/x) - Sqrtlcl*Sqrt[2+Pi]*Cos[a + b~2/(4*c)]*FresnelS \‘
‘c*x)/(Sqrt[c]*Sqrt[2*Pi])]*Sin[a + b™2/(4xc)] \

3.10.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.00,

number of steps used = 1, number of rules used = 1, nllrlll,ggé?;&fl glilzlgs = 0.029, Rules used
— {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2

/ (bsin (a + bz — cz?) N cos (a+ba:—cx2)> J
x

T T
l 2009
b2 b—2cx b2 b—2cx
—V2my/csin (a + ) FresnelC ( > + vV 2m\/ccos (a + > FresnelS <> —
Ve 4c Vev2n Ve 4c cV 2
cos (a + bz — cz?)
T

e hY

Int[Cos[a + b*x - c*x~2]/x"2 + (b*Sin[a + b*x - c*x~2])/x,x]

N\ J

input

output‘ -(Cos[a + b*x - c*x"2]/x) + Sqrtl[cl*Sqrt[2*Pi]*Cos[a + b~2/(4*c)]*FresnelS ‘
| [(b - 2%c*x)/(Sqrt [c]*Sqrt[2#Pi])] - Sqrtl[c]l*Sqrt[2xPi]*FresnelC[(b - 2xcx |
'x)/(Sqrt [c]*Sqrt [2#Pi])1*Sin[a + b~2/(4*c)] |

2 T

3.10. f (cos(a+bx—cx2) n bSin(a+bx—cx2)> i
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3.10.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.10.4 Maple [F]

—cr? s (2
/(cos( cx +bm+a)+bsm( cx —|—bm+a))dx

x2 z
inputLint(cos(—c*x“2+b*x+a)/x‘2+b*sin(-c*x“2+b*x+a)/x,x) J
outputtint(cos(-c*x‘2+b*x+a)/x‘2+b*sin(-c*x‘2+b*x+a)/x,x) J

input

output

3.10.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.11

cos (a + bx — cx?)  bsin (a + bx — cx?)
5 + d
z T
V2(2 cx—b)

£ V2(2cz—b),/<
\/imv\/gcos <b2;’;i“c> S ( o ") — ﬁwz\/gc ((2—6)\/:) sin (%) + cos (cx? — bx —

T

integrate(cos(-c*x~2+b*x+a)/x"2+b*sin(-c*x"2+b*x+a) /x,x, algorithm="fricas

n)

-(sqrt (2) *pi*x*sqrt(c/pi)*cos(1/4* (b2 + 4xa*c)/c)*fresnel_sin(1/2xsqrt(2)
*(2xcxx - b)*sqrt(c/pi)/c) - sqrt(2)*pixx*sqrt(c/pi)*fresnel_cos(1/2*sqrt(
2)*(2xc*x - b)*sqrt(c/pi)/c)*sin(1/4*%(b”"2 + 4*a*c)/c) + cos(c*x™2 - b*x -
a))/x

2 T

3.10. f (cos(a+bx—cx2) n bSin(a+bx—cx2)> i
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3.10.6 Sympy [F]

T2 T

B / bz sin (a + bz — cz?) + cos (a + bz — cx?)

—cx2 i — 2
/(cos(a+bx cm)+bsm(a+bx ca:)> i

dz

x2

inputtintegrate(cos(—c*x**2+b*x+a)/x**2+b*sin(-c*x**2+b*x+a)/x,x)

output LIntegral((b*x*sin(a + b*x - c*x**2) + cos(a + b*x - c*x**2))/x**2, x)

3.10.7 Maxima [F]

x? x
_ / bsin (—cz? + bz + a) 4 o8 (—cz® 4+ bz + a) e

— cx? i — 2
/(cos(a+bx cx)+631n(a+bx cx)> i

z x2

input‘integrate(cos(—c*x‘2+b*x+a)/x‘2+b*sin(—c*x‘2+b*x+a)/x,x, algorithm="maxima

II)

output Lintegrate(—b*sin(c*x‘2 - bxx - a)/x + cos(c*x™2 - b*x - a)/x"2, x)

3.10.8 Giac [F]

/(cos(a+b2sc—cx2) +bsin(a+bx—cx2)> i
T z
. _ 2 . 2
=/bsm( ca:x+ bz + a) +cos( ca:x;l— bz + a) iz

inputLintegrate(cos(—c*x‘2+b*x+a)/x‘2+b*sin(—c*x‘2+b*x+a)/x,x, algorithm="giac")

output Lintegrate(b*sin(—c*x’? + bxx + a)/x + cos(-c*x"2 + b*x + a)/x"2, x)

2 T

3.10. f (cos(a+bx—cx2) n bSin(a+bx—cx2)> i
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3.10.9 Mupad [F(-1)]

Timed out.
— cx? i — 2
/(cos(a+b2x cx)+bsm(a+bx cx)> i
x z
—er2 s (a2
=/cos( cx ;|—ba:—|—a)+b51n( cxm+bx+a)dx
x

input Lint(cos(a + b*x - c*x"2)/x"2 + (b*sin(a + b*x - c*x~2))/x,x)

output Lint(cos(a + b*x - c*x72)/x"2 + (b*sin(a + b*x - c*x72))/x, Xx)

2 T

3.10. f (cos(a+bx—cx2) n bSin(a+bx—cx2)> i
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3.11 [z%cos (3 +z +2%) do

3.11.1 Optimal result . . . . . . . . . .. 97l
3.11.2 Mathematica [A] (verified) . . . . . . . . ... ... oo 97
3.11.3 Rubi [A] (verified) . . . . . . ... .. 98
3.11.4 Maple [A] (verified) . .. . ... ... ... 100
3.11.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ..... 100
3.11.6 Sympy [F] . . . . . 10T
3.11.7 Maxima [C] (verification not implemented) . . . . . . . .. ... ... ... .. 101
3.11.8 Giac [C] (verification not implemented) . . . ... ... ... ... ...... 101l
3.11.9 Mupad [B] (verification not implemented) . . . . . ... ... ... ..... 102
3.11.1 Optimal result
Integrand size = 13, antiderivative size = 82
/z cos<1+x+z)dz— \/7P‘r IC(1+2x) \/7]5‘resneIS( )
4 V2m
1, /1
—Zsm (4+:c+:c ) + 2:csm (4+:c+:c )
output‘—1/4*sin(1/4+x+x‘2)+1/2*x*sin(1/4+x+x‘2)+1/8*Fresne1C(1/2*(1+2*x)*2‘(1/2)/
Pi(1/2))%27(1/2)*Pi~(1/2)-1/4+FresnelS (1/2% (1+2+x)*2"(1/2) /Pi~ (1/2))*2~ (1
/2)*Pi”(1/2) J

3.11.2 Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.82

/m2 cos (}1 +z +m2> dzr = %(\/%Fresnel(] (1\—;%%)
— 2(\/%Fresnels (1\}'_%%) + (1 —2z)sin <:11 —|—x—|—x2)>)

inputLIntegrate[x“Q*Cos[1/4 +x + x°2],x]

~—

.
output ‘ (S8qrt [2*Pi] #*FresnelC[(1 + 2*x)/Sqrt[2*Pi]] - 2*(Sqrt[2*Pi]*FresnelS[(1 + 2
*x)/Sqrt[2+4Pi]] + (1 - 2+x)#Sin[1/4 + x + x721))/8

—.

3.11. | x? cos (i +x+ x2) dz
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3.11.3 Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.06, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 469 Ryjles used = {3945,

integrand size
3926, 3832, 3943, 3927, 3833}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/w2c0s <x +x+4> dx

13945
1/' ++d1/ 2pot L) det tosin (2? t ot
5 | sin T z—5 [weos(a”+z+ |dz+ jwsin(2”+a+
l3926
1 1 ) 1 2 1 2 1
_2/:ccos<x +x+ )dx—2/s1n<4(29:+1) )dm+2msm<x +m—|—4>
l3832
1 ) 1 1 [x 2+1\ 1 . [, 1
2/xcos<:r —I—x+4>dx 2\/gFresnelS<m>+2msm<m +m—|—4)
l3943

1/1 9 1 1 . 2, 2z + 1
2(2/008 (:17 +m+4> dx—2sm<x >> \/>FresnelS< )
Losin(2? +o+ 1
sz T+ 1

l3927
1/1 1 ) Lo 2 +1
2(2/cos<4(2x+1)>dw—231n<w >> \/>Fre ( >+
1msin x2+m+
2 4
13833

0 (52) (1)) s (52

1
§xsin <:c +x+1

inputLInt [x"2%Cos[1/4 + x + x72],x]

3.11.  [z*cos(i+z+2?) do



output

rule 3832

rule 3833

rule 3926

rule 3927

rule 3943

rule 3945
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‘-1/2*(Sqrt [Pi/2]*#FresnelS[(1 + 2xx)/Sqrt[2+Pi]]) + ((Sqrt[Pi/2]*FresnelC[(
‘1 + 2x%x) /Sqrt[2+#Pil])/2 - Sin[1/4 + x + x72]/2)/2 + (x#Sin[1/4 + x + x72])
/2

3.11.3.1 Defintions of rubi rules used

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt([Pi/2]/(£*Rt[
d, 2]1))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]1*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Sin[(b + 2*c*x
)"2/(4%c)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4*a*c, 0]

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Cos[(b + 2*c*x
)"2/(4%c)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4*a*c, 0]

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sin[a + b*x + c*x72]/(2%c)), x] + Simp[(2*c*d - bxe)/(2%c) Int
[Cos[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*cxd - b
xe, 0]

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2I1*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[e*(d + e*x)"(m - 1)*(Sin[a + b*x + c*x~2]/(2*c)), x] + (-Simp[
(bxe - 2xcxd)/(2xc) Int[(d + e*x)"(m - 1)*Cos[a + bxx + cxx~2], x], x] -

Simple~2*((m - 1)/(2*c)) Int[(d + e*x)"(m - 2)*Sin[a + b*x + c*x~2], x],

x]) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2xcxd, 0] && GtQ[m, 1]

3.11. | x? cos (i +x+ x2) dz
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3.11.4 Maple [A] (verified)

Time = 1.86 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.72

method | result
VoW Xe V2 (a+3) VZJTS V2 (a+3)
msin(i—l—m—i—:ﬁ) sin(%—i—z—}-mz) v VT
default > — 7 + A - )
1 1
_1i _1)igp (EDA _1)4 _1)dgp (DA , s
v ( 1)4erf<( Diz+—3 ) ( 1)4\/77erf<( Dzt > ﬁerf(ﬁx——’ ) i werf(inx— =
risch — — NEPANE 21,
16 8 16+/—1 8v—i
Viz | V2>
(gp+ath) “CE 732
V2z | V2 Viz, 2 )2 ~(¥2z, V2
Jand C(ﬁ+2ﬁ)<(ﬁ+2ﬁ)‘r(ﬁ+2ﬁ)ﬁ>_ NG
T v
ﬂﬁc<\/§(j;z)>x2
parts 3 — i

input‘int(x”2*cos(1/4+x+x“2),x,method=_RETURNVERBOSE) ‘

output‘1/2*x*sin(1/4+x+x“2)-1/4*sin(1/4+x+x“2)+1/8*2“(1/2)*Pi“(1/2)*Fresne1C(2“(1
/2)/Pi~(1/2)% (x+1/2))-1/4%27 (1/2) *Pi” (1/2) *FresnelS (2" (1/2) /Pi”(1/2)x(x+1/
2)) |

3.11.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.72

/x2cos <i+x+x2> dr = %ﬁ\/%c (\/5(2:174-1)) —%\/5\/7?8 (\/5(235"‘1))

2w 2/
+ 1(2x Dsin (2° + 2 + L
4 4
inputLintegrate(x“2*cos(1/4+x+x‘2),x, algorithm="fricas") J

output‘1/8*sqrt(2)*sqrt(pi)*fresnel_cos(1/2*sqrt(2)*(2*x + 1)/sqrt(pi)) - 1/4*sqr
‘t(2)*sqrt(pi)*fresnel_sin(1/2*sqrt(2)*(2*x + 1)/sqrt(pi)) + 1/4%(2*%x - 1)*
‘sin(x‘2 +x + 1/4) ‘

3.11.  [z*cos(i+z+2?) do
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3.11.6 Sympy [F]

1 1
/x2cos (Z+x+x2) dacz/a:2cos (mZ—i—x—l—Z) dzx

inputLintegrate(x**2*cos(1/4+x+x**2),x) J

~—

outputLIntegral(x**2*cos(x**2 +x + 1/4), x)

3.11.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.44 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.95

1
/:172COS <Z+m+m2> dz =

16x< elia?+izthi) | jo(-ia —w-ﬂ>+m<(z—1) \ff(erf(,/m2+m+;iz') —1)

~—

p
inputLintegrate(x“2*cos(1/4+x+x‘2),x, algorithm="maxima")

output | -1/32*% (16*x* (-I*e~ (I*x~2 + I*x + 1/4*%I) + Ixe~(-I*x~2 - I*x - 1/4*I)) + sq
rt(4*x"2 + 4xx + D *((I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(I*x~2 + I*x + 1/4%
I)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(-I*x"2 - I*x - 1/4%I)) - 1)
- (4*I + 4)*sqrt(2)*gamma(3/2, I*x"2 + I*x + 1/4*I) + (4*I - 4)*sqrt(2)*ga
mma(3/2, -I*x"2 - I*x - 1/4%I)) - 8xIxe~(I*x"2 + I*x + 1/4%I) + 8xIxe~(-Ix*
x"2 - Ixx - 1/4xI))/(2*%x + 1)

3.11.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.43 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.91

/z2cos (i—i-z—l-zz) dw=—<;—2i—3i2) \/ﬁﬁerf((}li—i) \/5(2x+1)>

+ (3%1+ ) V2/m ert (_(ZHD \/5(2$+1))

1 o . 1 o .
+ 3 (—2iz + i)e(”’ tiotyi) 3 (2ix — z')e(_”’L””_%’)

3.11.  [z*cos(i+z+2?) do
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input‘integrate(x“2*cos(1/4+x+x“2),x, algorithm="giac")

output(—(3/32*I - 1/32)*sqrt(2)*sqrt (pi)*erf ((1/4*I - 1/4)*sqrt(2)*(2xx + 1)) + (
‘3/32*I + 1/32)*sqrt(2) *sqrt (pi)*erf (-(1/4*I + 1/4)*sqrt(2)*(2*xx + 1)) + 1/
\8*(—2*I*x + I)*e” (I*x"2 + Ixx + 1/4%I) + 1/8%(2%I*x - I)*e” (-I*x"2 - I*x -
| 1/4%D)

|

3.11.9 Mupad [B] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.78

1 sin (z2+z+1) sin(z?+z+1
/x2cos(1+x+x2) dz ="~ in ( 5 1) _sin 1 i)

\/_\/_C< (2w+1)> _ﬁﬁS(ﬁ(Z
8 4

+1)>

+

p
input Lint(x"2*cos(x + x72 + 1/4),x)

~—

output‘(x*sin(x + x72 + 1/4))/2 - sin(x + x72 + 1/4)/4 + (2°(1/2)*pi~(1/2)*fresne
‘lC((QA(i/Q)*(Q*x + 1))/(2%pi~(1/2))))/8 - (27(1/2)*pi~(1/2)*fresnels((2~ (1
/2)%(2%x + 1))/(2%pi”(1/2))))/4

3.11. | x? cos (i +z+x2) dz
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3.12 [zcos (3 +z+2%) dx

3.12.1 Optimalresult . . . . . . . . . .. 103l
3.12.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 103
3.12.3 Rubi [A] (verified) . . . . . . .. .. 104
3.12.4 Maple [A] (verified) . . . ... . ... .. 105
3.12.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 105
3.12.6 Sympy [B] (verification not implemented) . . ... . ... ... ... ... .. 106!
3.12.7 Maxima [C] (verification not implemented) . . . . . . . . ... ... ... ..
3.12.8 Giac [C] (verification not implemented) . . . .. ... ... ... ....... 107
3.12.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 107

3.12.1 Optimal result

Integrand size = 11, antiderivative size = 41
1 1 142 1 1
/xcos (Z +x +x2) dr = —5\/§Fresne10 ( \-/l—%x) + §sin (4_1 +x +x2)

output| 1/2#sin(1/4+x+x"2)-1/4*FresnelC(1/2x (1+2xx)*2~(1/2) /Pi"(1/2))*2" (1/2)*Pi~( |
1/2)

N J

3.12.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.95

1 9 1 142z (1 9
/wcos<4+w+x>dw—4( \/27rFresnelC( m)+2sm<4+m+x>)

inputLIntegrate[x*Cos[1/4 + x + x72],x] J

e

outputL(—(Sqrt[2*Pi]*FresnelC[(1 + 2xx)/Sqrt[2#Pi]]) + 2*Sin[1/4 + x + x72])/4

~—

312.  [zcos(;+z+2?) dx
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3.12.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 973 Ry jeq ysed = {3943,

integrand size
3927, 3833}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

1
/xcos <w2+x+4> dx

l 3943
1. [, 1\ 1 ) 1
2s1n<9c +w+4>—2/cos(x +m+4>d:c
l’3927
1. [, 1\ 1 1 )
2sm(z +w+4>—2/cos<4(2z+1) >dw
l'3833

1 . 9 1 1 |« 2x +1
2sm<a: +z+4)—2\/;FresnelC<m>

input LInt [x*Cos[1/4 + x + x~2],x]

output

rule 3833

rule 3927

~—

-

-1/2%(Sqrt [Pi/2] *FresnelC[(1 + 2*x)/Sqrt[2*Pi]]) + Sin[1/4 + x + x72]/2

N\

i

3.12.3.1 Defintions of rubi rules used

‘Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
'd, 21))#FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + £*x)], x] /; FreeQ[{d, e, £}, x]

e

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Cos[(b + 2*c*x
‘)“2/(4*c)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4*a*c, 0]

312.  [zcos(;+z+2?) dx
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ruk33943‘Int[Cos[(a_.) + (b_)*(x_) + (c_.)*(x_)"2]1*((d_.) + (e_.)*(x_)), x_Symbol]
‘:> Simp[e*(Sin[a + b*x + c*x72]/(2%c)), x] + Simp[(2*c*d - b*e)/(2%xc) Int
‘[Cos[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
‘*e, 0]

3.12.4 Maple [A] (verified)

Time = 1.58 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.73

method | result size
(1 2 ﬁﬁc(ﬁ(ﬁ%)>

default Sm(r;mﬂ ) _ 1 30
3 1 i 2
\/‘Tr(—l)lerf<(—1)1x+(;)> 7 erf(v/—iz— sin  (1422)

risch 5 VT (sﬁ 2\/—7) + ( 24 ) 58

((0”))

sin 2
e () ——

parts 5 — 5 90

§
input Lint (x*cos (1/4+x+x~2) ,x,method=_RETURNVERBOSE)

e—

-

output L1/2*sin(1/4+x+x‘2) -1/4%27(1/2)*Pi~(1/2) #*FresnelC(2~(1/2) /Pi~(1/2)*(x+1/2))

-/

3.12.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.78

acz—l—ac—l-1
4

V22z +1) 1,
———527;———> + = sin

/wcos<}1+z+x2> da:z—iﬁﬁ(]( 5

inputLintegrate(x*cos(1/4+x+x“2),x, algorithm="fricas")

output‘-1/4*sqrt(2)*sqrt(pi)*fresnel_cos(1/2*sqrt(2)*(2*x + 1)/sqrt(pi)) + 1/2*si
‘n(x“2 +x + 1/4)

312.  [zcos(;+z+2?) dx
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3.12.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 155 vs. 2(39) = 78.

Time = 0.66 (sec) , antiderivative size = 155, normalized size of antiderivative = 3.78

/xcos <}L+x+x2> dmz_\/_\/_w0<fx+2f>1"(}l) +\/_\/_x0<fx+2f>

8T () 2
. 2
Lo+ 1)) ffc(ff 22)1()
8T () 6T (3)
inputLintegrate(x*cos(1/4+x+x**2),x) J

output | -sqrt (2) *sqrt (pi) *x*fresnelc(sqrt (2)*x/sqrt(pi) + sqrt(2)/(2*sqrt(pi)))*ga
mma (1/4) / (8*gamma (5/4)) + sqrt(2)*sqrt(pi)*x*fresnelc(sqrt(2)*x/sqrt(pi) +

sqrt(2)/(2*sqrt(pi)))/2 + sin((x + 1/2)**2)*gamma(1/4)/(8*xgamma(5/4)) - s
qrt (2)*sqrt (pi) *fresnelc(sqrt(2)*x/sqrt(pi) + sqrt(2)/(2*sqrt(pi)))*gamma (
1/4)/ (16*gamma (5/4))

3.12.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.40 (sec) , antiderivative size = 126, normalized size of antiderivative = 3.07

/mcos <:1l+x+x2> dx
Sx(—ie(ix2+i$+%i) + § e(—ia?—iz—3i) ) + m((z —1) \/_\/_<erf (@/iﬁ +iz+ iz) — 1) -

B 16 (2z+1)

inputLintegrate(x*cos(1/4+x+x‘2),x, algorithm="maxima") J

‘1/16*(8*x*(—I*e‘(I*x‘2 + Ikx + 1/4%I) + I*xe~(-I*x"2 - I*x - 1/4%I)) + sqrt
| (4%x72 + 4xx + 1)*((I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt (I*x™2 + Ixx + 1/4%I)

) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf (sqrt (-I*x™2 - Ikx - 1/4%I)) - 1)) -

‘ 4xT*e” (I#x72 + I*x + 1/4%I) + 4*xIxe~(-I*x"2 - I*x - 1/4%I))/(2*x + 1)

3.12.  [zcos (i +z +z2) dz
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3.12.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.47 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.59

/xcos (i+x+x2) dz = (%z+ ) \/_\/_erf<( z—%) \/5(2x+1))
~ (55— 1) vavmert (~(5i+1) vaes+1)

_ }lie(ixz+ix+4i) + 1’&6( —iz? x—%z)

-

1nputtlntegrate(x*cos(1/4+x+x‘2),x, algorithm="giac")

~—

p

output\(1/16*I + 1/16) *sqrt (2) *sqrt (pi)*erf ((1/4*I - 1/4)*sqrt(2)*(2*x + 1)) - (1
‘/16*1 - 1/16) *sqrt (2) *sqrt (pi)*erf (-(1/4*I + 1/4)*sqrt(2)*(2*x + 1)) - 1/4
L*I*e‘(I*x‘z + Ixx + 1/4%I) + 1/4%Ixe”(-I*x~2 - I*x - 1/4*I)

~

3.12.9 Mupad [B] (verification not implemented)

Time = 14.53 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.78

1 9 sin(x2+z+;1l) \/_\/_C<f(2w+1)>
/zcos Z—i—w-l—x dr = 5 1

input‘ int(x*cos(x + x72 + 1/4),x)

output(sin(x + x72 + 1/4)/2 - (27(1/2)*pi~(1/2) *fresnelc((27(1/2)*(2*x + 1))/ (2*p
\i*(1/2))))/4

312.  [zcos(;+z+2?) dx
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3.13 [cos (3 +z+2?%) dx

3.13.1 Optimalresult . . . . .. .. . ... . 108]
3.13.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 108
3.13.3 Rubi [A] (verified) . . . . . . ... .. 109
3.13.4 Maple [A] (verified) . . . ... ... ... 110
3.13.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 110
3.13.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 1101
3.13.7 Maxima [C] (verification not implemented) . . . . . . . ... ... ... .. .. 111
3.13.8 Giac [C] (verification not implemented) . . . .. ... ... ... ....... 111
3.13.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 112

3.13.1

Optimal result

Integrand size = 9, antiderivative size = 24

/cos 1 +x+x2
4

) dx = \/g FresnelC (

14 2x
v 21

)

output L1/2*Fresne1C(1/2* (1+2%x) %27 (1/2) /Pi~ (1/2))*2~ (1/2) *Pi~ (1/2)

3.13.2

Time = 0.02 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

Mathematica [A] (verified)

/cos 1+ + 22
-t+z+z
4

) dr = \/g FresnelC (

1+ 2x
v 21

)

input

N

Integrate[Cos[1/4 + x + x72],x]

output‘Sqrt[Pi/2]*Fresne1C[(1 + 2%x)/Sqrt [2*Pi]]

3.13.

fcos(%—l—wﬁ-zZ) dz
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3.13.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 999 Ryjjeg ysed = {3927,
integrand size
3833}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cos<x2+ac+i> dr

l 3927

/cos (i(Qx + 1)2> dx

l 3833

T 2¢ + 1
~ FresnelC | =2 =

input‘ Int[Cos[1/4 + x + x72],x]

output LSqrt [Pi/2] #*FresnelC[(1 + 2*x)/Sqrt[2*Pi]]

3.13.3.1 Defintions of rubi rules used

rule 3833 | Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol]l :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)1, x] /; FreeQ[{d, e, f}, x]

rule 3927 Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Cos[(b + 2*c*x
)~2/(4xc)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4x*a*c, 0]

3.13.  [cos (% +z+ zz) dz
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3.13.4 Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.83

method | result size
vaveo( 25)
default 3 20
1
V(= 1)4erf<( )% +(_;)4> ﬁerf(\/jix— { )
risch — i + yve 2 46
input Llnt (cos(1/4+x+x~2) ,x,method=_RETURNVERBOSE)

output“/z*g (1/2)*Pi~ (1/2)*FresnelC(2~(1/2) /Pi~ (1/2) *(x+1/2))

A >

3.13.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.92

27

(s e e (B2220)

lnput‘integrate(cos(1/4+x+x‘2),x, algorithm="fricas")

outputL1/2*sqrt(2)*sqrt(pi)*fresnel_cos(1/2*sqrt(2)*(2*x + 1)/sqrt(pi))

3.13.6 Sympy [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.21

/cos (i +z+ x2) de = ffc( mﬂ))

2

input Lintegrate (cos(1/4+x+x*%2) ,x)

—

output qurt (2) *sqrt (pi) *fresnelc(sqrt (2)*(2*x + 1)/(2*sqrt(pi)))/2

3.13.

fcos(i—l—xﬁ-zz) dz
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3.13.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.32 (sec) , antiderivative size = 70, normalized size of antiderivative = 2.92

/@w(i+x+xﬁ(m:

—1—16 ﬁ((i — 1) V2erf (—% (—1)7 (2z'x+z‘)) +(i—1) V2erf (- Gz — i) V2(2i x +z’)) —(i+1)

~—

inputLintegrate(cos(1/4+x+x‘2),x, algorithm="maxima")

output(—1/16*sqrt(pi)*((1 - 1)*sqrt(2)*erf (-1/2x(-1)"(3/4)*(2xI*x + I)) + (I - 1)
‘*sqrt(2)*erf(—(1/4*I = 1/4)*sqrt(2)*(2*I*x + I)) - (I + 1)*sqrt(2)*erf(-(1
\/4*1 + 1/4)*sqrt(2)*(2xIxx + I)) + (I + 1)*sqrt(2)*erf(1/2+(2xI*x + I)/sqr
Lt(-I)))

| ——

3.13.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.40 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.62

/cos (}l+x+x2> dx:—(%i+é) ﬁﬁerf((ii—i) \/5(2x+1)>

n (éz - é) V2/7 erf (- (lez + i) V2(2z + 1))

~—

inputLintegrate(cos(1/4+x+x‘2),x, algorithm="giac")

output(—(i/S*I + 1/8)*sqrt (2) *sqrt (pi)*erf ((1/4*I - 1/4)*sqrt(2)*(2*x + 1)) + (1/
‘8*1 - 1/8)*sqrt(2)*sqrt (pi)*erf (-(1/4*I + 1/4)*sqrt(2)*(2*x + 1))

—

3.13.  [cos (% +z+ zz) dz
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3.13.9 Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.79

) a VR
/cos(z—i-x—l—x)dx: 5

inputtint(cos(x + x72 + 1/4),%)

outputL(2“(1/2)*pi‘(1/2)*fresnelc((2‘(1/2)*(X + 1/2))/pi~(1/2)))/2

3.13.  [cos (% +z+ zz) dz
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cos < ! +x+x2>

3.14 [— —Vdr

3.14.1 Optimal result . . . . . . . . . ... 113l
3.14.2 Mathematica [N/A] . . . . . . . .. 113
3143 Rubi [N/A] © o\ oo oo e 112
3.14.4 Maple [N/A] (verified) . . . . . . . .. ... 114
3.14.5 Fricas [N/A] . . . . . 115
3.14.6 Sympy [N/A] . . . . 115
3.14.7 Maxima [N/A] . . . . . 115
3.14.8 Giac [N/A] . . . . o o e 116
3.14.9 Mupad [N/A] . . . . 176l

3.14.1 Optimal result

Integrand size = 13, antiderivative size = 13

/cos(}l+x+x2)

X

outputLUnintegrable(cos(1/4+x+x‘2)/x,x)

3.14.2 Mathematica [N/A]
Not integrable

Time = 9.94 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/

cos (1 + z +2?)

T

o= [

cos (1 + z + 2?)
x

dz

inputLIntegrate[Cos[1/4 + x + x72]1/x,x]

p >

-

output LIntegrate [Cos[1/4 + x + x~2]1/x, x]

-/

3.14.

f cos(5+z+2?) da
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3.14.3 Rubi [N/A]

Not integrable

Time = 0.15 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {3951}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cos(a:2;—:c+i) e

l 3951

/cos(acQ;Ei-ac—l-i)ahc

input‘ Int[Cos[1/4 + x + x~2]/x,x]

output L$Aborted

3.14.3.1 Defintions of rubi rules used

e

rule 3951 Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1 " (n_.)*((d_.) + (e_.)*(x_)) " (m_.)
» X_Symbol] :> Unintegrable[(d + e*x) m*Cos[a + b*x + c*x"2]"n, x] /; FreeQ

‘[{a, b, ¢, d, e, m, n}, x]

|\

3.14.4 Maple [N/A] (verified)

Not integrable

Time = 0.18 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

/cos(i+x+x2)d

X

X

p

input int (cos (1/4+x+x~2) /x »X)

~—

-

output Lint (cos(1/4+x+x"2)/x,x%)

-/

314, [ celitered) g,

x
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3.14.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/cos(;ll+x+x2)dmz/cos(x2+x+;1l)dx

T Z

inputLintegrate(cos(1/4+x+x”2)/x,x, algorithm="fricas")

output Lintegral(cos(x’? +x + 1/4)/x, %)

3.14.6 Sympy [N/A]

Not integrable

Time = 0.35 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

/cos(;ll+x+m2)dx:/cos(x2+m+;ll)dm
T T

input Lintegrate (cos(1/4+x+x*%2) /x,x)

output‘ Integral(cos(x**2 + x + 1/4)/x, x)

3.14.7 Maxima [N/A]

Not integrable

Time = 0.35 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/cos(;ll—l—:c—l—xz) dm_/cos(:v2+x+£—ll) "
x x

input Lintegrate (cos(1/4+x+x72)/x,x, algorithm="maxima")

output Lintegrate(cos(x? +x + 1/4)/x, %)

314, [ celitered) g,

x
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3.14.8 Giac [N/A]
Not integrable

Time = 0.41 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

cos (3 + z + 2?) B cos (z2+z+ 3)
/ . dx—/ - dx

inputLintegrate(cos(1/4+x+x‘2)/x,x, algorithm="giac")

output tintegrate(cos(x’? +x + 1/4)/x, x)

3.14.9 Mupad [N/A]
Not integrable

Time = 13.77 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/cos(}l—i—x—i-x?) dx_/cos(xz-f—z—i-;i) i

T T

inputlint(cos(x + x72 + 1/4)/x,%)

output Lint(cos(x + x72 + 1/4)/x, x)

314, [ celitered) g,



CHAPTER 3. LISTING OF INTEGRALS 117

cos<1+x+x2>

315 [— 5, Ydx

3.15.1 Optimal result . . . . . . . . . ... . 117
3.15.2 Mathematica [N/A] . . . . . . . . 117
3153 Rubi [N/A] © o o oo e e e 118
3.15.4 Maple [N/A] (verified) . . . . . . . . ... . 17191
3.15.5 Fricas [N/A] . . . . . . 120
3.15.6 Sympy [N/A] . . . . 120
3.15.7 Maxima [N/A] . . . . . . 120
3.15.8 Giac [N/A] . . . . o o 121
3.15.9 Mupad [N/A] . . . . . 1211

3.15.1 Optimal result

Integrand size = 13, antiderivative size = 13

/ cos (3 +2x + z?) 4o 08 (j+z+2?) /3 FresnelS (1 + Qx)
x x V2m

_Int<sm(4+3:+m )’$>

X

output ‘ —cos(1/4+x+x72) /x-FresnelS(1/2*(1+2*x)*2~(1/2) /Pi~(1/2))*2~(1/2)*Pi~(1/2)-
‘ Unintegrable(sin(1/4+x+x"2)/x,x)

3.15.2 Mathematica [N/A]

Not integrable

Time = 10.62 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/cos(;ll—l-x—i-a:?) dx:/cos(}l—i-:v-{—ﬁ) e
2 2

input LIntegrate [Cos[1/4 + x + x72]/x72,x] J

output LIntegrate [Cos[1/4 + x + x~2]/x"2, x]

-/

3.15. [ e=litztm) g,

2
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3.15.3 Rubi [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 0, umber of rules _ , 555 Ryles used = {3947,

integrand size
3926, 3832, 3950}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cos(ac2+x+}l) da

£L'2
l3947
B
l3926
_/Sin(x2+$+i)dx_2/sin 1(2$+1)2 dx_cos(x2+m+i)
X 4 x
l3832
_/sin(x2+w+i)d$_mnesnels <2x+1) B cos (22 + & + 1)
T V2r z
l3950
_/Sin(m2+m+}l)d$—\/%1:‘resnels <2$+1>_COS(:L'2—|—Q:—|-1)
v V2 z

inputLInt [Cos[1/4 + x + x~2]1/x2,x]

output L$Aborted

3.15. [ e=litztm) g,

2
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3.15.3.1 Defintions of rubi rules used

rule 3832 Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol]l :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 21))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

rule 3926 | Int[Sinl[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Sin[(b + 2*c*x
)"2/(4xc)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4xa*c, 0]

rule 3947 Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[(d + e*x)"(m + 1)*(Cos[a + b*x + c*x"2]/(ex(m + 1))), x] + (Si
mp[(b*e - 2xc*d)/(e"2*(m + 1)) Int[(d + e*x)”(m + 1)*Sin[a + b*x + c*xx"2]
, X1, x] + Simp[2*(c/(e"2x(m + 1))) Int[(d + exx)"(m + 2)*Sin[a + b*x + ¢
*x~2], x], x]) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2*c*d, 0] && LtQ[m
, —1]

N\

rule 3950‘Int[((d_.) + (e_.)*(x_)) " (m_.)*Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_.)
, X_Symbol] :> Unintegrable[(d + e*x) m*Sin[a + b*x + c*x"2]"n, x] /; FreeQ
'[{a, b, ¢, d, e, m, n}, x]

3.15.4 Maple [N/A] (verified)
Not integrable

Time = 0.21 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

/cos(i—l—x—l—ﬁ)dz

xr2

input | int(cos(1/4+x+x72)/x"2,%)

N\

output Lint (cos(1/4+x+x72)/x"2,%)

3.15. [ e=litztm) g,

2
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3.15.5 Fricas [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

2 2

/cos(;ll+x+x2)dmz/cos(x2+x+;1l)dx

inputLintegrate(cos(1/4+x+x”2)/x“2,x, algorithm="fricas")

outputtintegral(cos(x”2 +x + 1/4)/x72, x)

3.15.6 Sympy [N/A]

Not integrable

Time = 0.33 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

/cos(;ll+x+m2)dx:/cos(x2+m+;ll)dm

2 2

inputLintegrate(cos(1/4+x+x**2)/x**2,x)

output‘ Integral(cos(x**2 + x + 1/4)/x*¥2, x)

3.15.7 Maxima [N/A]

Not integrable

Time = 0.36 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/cos(;ll—l—:c—l—xz) dm_/cos(:v2+x+£—ll) "

z2 T2

inputLintegrate(cos(1/4+x+x‘2)/x‘2,x, algorithm="maxima")

output Lintegrate(cos(x? +x + 1/4)/x72, %)

3.15. [ e=litztm) g,

2
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3.15.8 Giac [N/A]
Not integrable

Time = 0.41 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

cos (3 + z + 2?) cos (z2+z+ 3)
/ 4 . dx:/ o 47 dx

inputLintegrate(cos(1/4+x+x“2)/x‘2,x, algorithm="giac")

output tintegrate(cos(x’? +x + 1/4)/x72, x)

3.15.9 Mupad [N/A]
Not integrable

Time = 14.02 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

xr2 x2

/cos(}l—i—x—i-x?) dx_/cos(xz-f—z—i-;i) i

inputLint(cos(x + x72 + 1/4)/x72,%)

outputtint(cos(x + x72 + 1/4)/x72, x)

3.15. [ e=litztm) g,

2



output
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3.16 [ % cos? (a + bz + cx?) dzx

3.16.1 Optimalresult . . . . .. .. . ... .. .. 1221
3.16.2 Mathematica [A] (verified) . . . . . .. . ... ... Lo oL 123
3.16.3 Rubi [A] (verified) . . . . . . ... ... 123
3.16.4 Maple [A] (verified) . . . . .. . . . ... 124
3.16.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 125
3.16.6 Sympy [F] . . . . . . 125
3.16.7 Maxima [C] (verification not implemented) . . . . . . . . ... ... ... .. 125
3.16.8 Giac [C] (verification not implemented) . . . . ... ... ... ....... 126
3.16.9 Mupad [F(-1)] . . . . . o o 127

3.16.1 Optimal result

Integrand size = 17, antiderivative size = 248

x3 N b*/m cos (Za - %) FresnelC (b+2“>

/ z? cos? (a +bx + cx2) dr = & . Ve
_» b+2cz
- \/ cos <2a 26) FresnelS ( 2E ﬁ)
16¢3/2
~ /7 FresnelC (%) sin (2(1 — g—i)
16¢3/2
- b%\/7 FresnelS <i’}c—%/cg> sin <2a - ’2’—2c>
16¢5/2
bsin (2a + 2bx + 2cx?)  zsin (2a + 2bz + 2cz?)
- +
16C2 8c

1/6%x73-1/16*b*sin (2*c*x~2+2*b*x+2%a) /c"2+1/8*x*sin (2*c*x~2+2*b*x+2+*a) /c+1
/16%b"2xcos (2*xa-1/2*b"2/c) *FresnelC((2*c*x+b) /c~(1/2) /Pi~(1/2))*Pi~(1/2)/c
~(5/2)-1/16*cos(2*a-1/2%b"2/c) *FresnelS ((2*c*x+b) /c~(1/2) /Pi~(1/2))*Pi~(1/
2)/c”(3/2)-1/16*FresnelC((2*c*x+b) /c~(1/2) /Pi~(1/2))*sin(2%a-1/2%b"2/c) *Pi
~(1/2)/c~(3/2)-1/16*b~2*FresnelS ((2*c*x+b) /c~(1/2) /Pi~(1/2) ) *sin(2*a-1/2%Db
~2/c)*Pi~(1/2)/c~(5/2)

3.16.  [z%cos? (a + bz + cz?) dz
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3.16.2 Mathematica [A] (verified)

Time = 0.45 (sec) , antiderivative size = 170, normalized size of antiderivative = 0.69

/z2 cos® (a + bz + cz?) dz

—3+/7 FresnelS (b“c”) <c cos <2a - —) + b%sin (2(1 — —)) + 34/7 FresnelC <b+2“> <b2 cos <2a - —i)

48¢5/2

e

input LIntegrate [x"2*Cos[a + b*x + c*x~2]72,x]

A >

‘c)] + b"2+Sin[2*a - b~2/(2xc)]) + 3*Sqrt[Pil*FresnelC[(b + 2*c*x)/(Sqrtl[c] ‘
‘*Sqrt [Pi])I*(b~2*Cos[2*a - b~2/(2%c)] - c*Sin[2*a - b~2/(2*c)]) + Sqrtlcl* ‘
~2%x73 - 3x(b - 2*c*x)*Sin[2*%(a + xx(b + c*x))1))/(48*c~(5/2))

3.16.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 248, normalized size of antiderivative = 1.00,
_ _ o number of rules

number of steps used = 2, number of rules used = 2, integrand size = 0.118, Rules used

= {3949, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:c2 cos® (a + bz + cz?) dz

l 3949

1, oy | T2
5T cos (2a + 2bz + 2cz?) +E dz

l 2009
_\/7_rsin <2a — —) FresnelC (i’;%i;;) N V/7b? cos ( a— —) FresnelC (i’;%%;%) ~
16¢3/2 16¢5/2
V/mb? sin (20 — 7) FresnelS (i’;%f/c%) - \/T cos <2a — g—i) FresnelS (l\’;%f;%) -
16c5/2 16¢3/2
bsin (2a + 2bx + 20932) z sin (2a + 2bx + 20:1:2) z3
16¢2 + 8¢ T

3.16.  [z%cos? (a + bz + cz?) dz
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input‘Int[x”2*Cos[a + b*x + c*x"2]72,x]

output | x~3/6 + (b~2xSqrt[Pil*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*S
qrt[Pi])])/(16*%c~(56/2)) - (Sqrt[Pil*Cos[2*a - b~2/(2%c)]*FresnelS[(b + 2*c
*x)/(Sqrt [c]*Sqrt [Pil)]1)/(16%c~(3/2)) - (Sqrt[Pil*FresnelC[(b + 2*c*x)/(Sq
rt[c]*Sqrt[Pi])]1*Sin[2*a - b~2/(2*%c)])/(16%c~(3/2)) - (b~2xSqrt[Pi]*Fresne
1S[(b + 2*c*x)/(Sqrt[cl*Sqrt[Pi]l)]1*Sin[2*a - b~2/(2*c)])/(16*%c~(5/2)) - (b
*xSin[2*a + 2xbxx + 2xc*x"2])/(16%c”2) + (x*Sin[2%a + 2%b*x + 2%c*x"2]) /(8%
c)

3.16.3.1 Defintions of rubi rules used

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruk33949‘Int[Cos[(a_.) + (b_)*(x_) + (c_.)*(x_)"2]1 (@ )*((d_.) + (e_.)*(x_))"(m_.),
‘ x_Symbol] :> Int[ExpandTrigReducel[(d + e*x)”"m, Cos[a + b*x + c*x~2]"n, x],
‘ x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1] ‘

3.16.4 Maple [A] (verified)

Time = 0.68 (sec) , antiderivative size = 191, normalized size of antiderivative = 0.77

method | result

) 7 ( cos 4ac+b2 2cx+b sin 4(164—1)2 2cz+b
e Il Gl G 0 v e G i B 7.9 :
3 z sin(2c z2+2bz+2a) ¢ 4c2 v/ (cos
default | & + T — v -
i(4ac—b2 ) i 4ac—b2) ) i(4ac—b2)
isch 23 b2\/mre” Zc ﬂerf(x/ﬁ\/?cx—l-%) N Zc ﬂerf(ﬂ\/ﬁz—l—%) b2\/Te Zc erf(—\ﬁ
11sC 6T 64c2/ic o 64cv/ic - 32¢2/—2ic
input Lint (x~2%cos (c*x~2+b*x+a) ~2,x,method=_RETURNVERBOSE) J

output | 1/6*x73+1/8*x*sin (2*c*x~2+2*b*x+2*a) /c—1/4*b/c* (1/4*sin (2*c*x~2+2xbxx+2%a)
/c=1/4%b/c”(3/2)*Pi~(1/2) *(cos(1/2* (-4*a*xc+b~2) /c) *FresnelC((2*c*x+b)/c~ (1
/2)/Pi~(1/2))+sin(1/2* (-4%a*c+b~2) /c) *FresnelS ((2*c*x+b)/c~(1/2)/Pi~(1/2))
))-1/16/c”(3/2)*%Pi~ (1/2)*(cos (1/2* (-4*a*c+b~2) /c) *FresnelS ((2*c*x+b) /c~(1/
2)/Pi~(1/2))-sin(1/2*(-4*a*c+b~2) /c) *FresnelC((2*xc*x+b) /c~(1/2) /Pi~(1/2)))

3.16.  [z%cos? (a + bz + cz?) dz
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3.16.5 Fricas [A] (verification not implemented)
Time = 0.34 (sec) , antiderivative size = 178, normalized size of antiderivative = 0.72
/z2 cos’ (a + bz + cz?) dz

83z 4 6 (2 2z — be) cos (cz? + bz + a) sin (cz? + bz + a) + 3 (71'()2 cos <—%) — mcsin <—”2;—‘i“>> A

48 ¢3

input | integrate (x~2*cos(c*x~2+b*x+a) ~2,x, algorithm="fricas")

output | 1/48+*(8*c~3*x"3 + 6%(2%c”2*x - b*c)*cos(c*x”™2 + bxx + a)*sin(c*x”"2 + b*x +

a) + 3%(pixb~2*cos(-1/2%(b"2 - 4*a*xc)/c) - pi*cxsin(-1/2%(b~2 - 4x*axc)/c)
)*sqrt (c/pi)*fresnel_cos((2*c*x + b)*sqrt(c/pi)/c) - 3*(pix*b~2*sin(-1/2*(b
~2 - 4#%axc)/c) + pixc*cos(-1/2x(b~2 - 4*axc)/c))*sqrt(c/pi)*fresnel_sin((2
xc*x + b)*sqrt(c/pi)/c))/c”3

3.16.6 Sympy [F]

/x2 cos? (a + bz + 0932) dr = /932 cos? (a + bx + cmz) dx

input ‘ integrate (x**2*cos (c*x**2+b*x+a) **2,x) ‘

output‘ Integral (x**2*cos(a + b*x + ckx**2)**2, x) ‘

3.16.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.06 (sec) , antiderivative size = 1617, normalized size of antiderivative = 6.52

/ z? cos? (a + bz + cmz) dz = Too large to display

3.16.  [z%cos? (a + bz + cz?) dz
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input‘integrate(x“2*cos(c*x”2+b*x+a)“2,x, algorithm="maxima")

output | -1/384*sqrt (2) *(24* ((((I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt ((4*xI*c”
2xx”2 + 4xI*b*c*xx + I*b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(l
/2)*sqrt (- (4*I*c~2%x"2 + 4*I*b*c*x + I*b~2)/c)) - 1))*b"2xc”3 + 2% (-(I + 1
)*sqrt(2) *gamma (3/2, 1/2%(4*I*c~2*x"2 + 4xIxb*c*x + I*b~2)/c) + (I - 1)#*sq
rt(2)*gamma(3/2, -1/2%(4*xI*c”2%x"2 + 4*I*b*cxx + I*b~2)/c))*c”4)*cos(-1/2x%
(b2 - 4xaxc)/c) + (((I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*xc~2
*x"2 + 4xIxbxcxx + I*b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/
2) *sqrt (- (4*I*c~2*x"2 + 4xIxbxcxx + I*b~2)/c)) - 1))*b"2*%c™3 + 2% ((I - 1)=*
sqrt (2) *gamma (3/2, 1/2x(4*I*c~2*%x"2 + 4*I*xbkckx + I*b~2)/c) - (I + 1)*sqrt
(2)*gamma (3/2, -1/2%(4*I*c™2*%x~2 + 4*I*bxc*x + I*b~2)/c))*c”4)*sin(-1/2*(b
"2 - 4xaxc)/c))*x"3 + 36%((((I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt ((
4*I*c~2*%x"2 + 4*Ixb*cxx + I*b"2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(
sqrt (1/2) *sqrt (- (4*I*c”2*x"2 + 4*Ixbxc*x + I*b~2)/c)) - 1))*b"3*c”2 + 2% (-
(I + 1)*sqrt(2)*gamma(3/2, 1/2%(4*I*c~2*x"2 + 4xIxbxcxx + I*b~2)/c) + (I -
1)*sqrt(2) *gamma (3/2, -1/2*%(4*I*c~2%x"2 + 4*I*b*c*x + I*b~2)/c))*b*xc~3)*c
0os(-1/2%(b"2 - 4xaxc)/c) + (((I + 1)#*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(
(4%Ixc™2%x"2 + 4xIxb*c*x + I*b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf
(sqrt(1/2)*sqrt (-(4*I*xc™2xx"2 + 4*xIxbkckxx + I*b~2)/c)) - 1))*b~3xc”2 + 2% (
(I - 1)*sqrt(2)*gamma(3/2, 1/2x(4xI*c™2%x"2 + 4xIxb*cxx + I*b~2)/c) - (I +
1) *sqrt (2) *gamma (3/2, -1/2%(4*I*c”2%x"2 + 4*Ixbkxc*x + I*b~2)/c))*b*c”3...

3.16.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.46 (sec) , antiderivative size = 214, normalized size of antiderivative = 0.86

/z2 cos? (a + bz + cz2) dz

g
o4 10) _9; (2ic:c2+2ibw+2ia)_1ﬁ(b2+zc)erf(_%“ﬁ<2$+%>(Tl-‘rl))e
(eline ) -2 )
32 ¢? o
i\/?r(b?—ic)erf(%i\/a(%z:—i—%)(—ﬁ+1>)e<—w>

—2% ¢ — 1) 4 2ip)e(—2ica®—2ibe—2ia) |
(C( c ) ) ﬁ(—ﬁ+1)

32¢?

3.16.  [z%cos? (a + bz + cz?) dz
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input‘integrate(x“2*cos(c*x”2+b*x+a)“2,x, algorithm="giac")

output | 1/6%x~3 - 1/32%((c*x(2*%I*x + Ixb/c) - 2*%xIxb)*e” (2%xI*cxx~2 + 2*xIxbxx + 2%I*a
) - I*sqrt(pi)*(b~2 + I*c)*erf(-1/2*I*sqrt(c)*(2*x + b/c)*(I*c/abs(c) + 1)
Y*¥e” (-1/2%(I*b~2 - 4xIxa*c)/c)/(sqrt(c)*(I*xc/abs(c) + 1)))/c”2 - 1/32*((c*
(-2*I*x - Ixb/c) + 2*%Ixb)*e” (-2%I*c*x~2 - 2*Ixb*x - 2*xIxa) + I*sqrt(pi)*(b
"2 - Ixc)*erf(1/2xI*sqrt(c)*(2xx + b/c)*(-Ixc/abs(c) + 1))*e~(-1/2*%(-Ixb~2
+ 4xIxaxc)/c)/(sqrt(c)*(-Ixc/abs(c) + 1)))/c”2

3.16.9 Mupad [F(-1)]

Timed out.
/:r2 cos? (a +bx + cx2) dr = /m2 cos (c:c2 +bx+ a)2 dz

inputtint(x‘2*cos(a + b*x + c*x"2)72,x%)

outputtint(x“2*cos(a + b*x + c*x"2)72, x)

3.16.  [z%cos? (a + bz + cz?) dz
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3.17 [z cos? (a+ bx + cx?) dz

3.17.1 Optimal result . . . . . . . . . .. 128]
3.17.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 128
3.17.3 Rubi [A] (verified) . . . . . . ... .. 129
3.17.4 Maple [A] (verified) . . . ... . ... ... 130
3.17.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 130
3.17.6 Sympy [F] . . . . . 13T
3.17.7 Maxima [C] (verification not implemented) . . . . . . . .. ... ... ... .. 131
3.17.8 Giac [C] (verification not implemented) . . . .. ... ... ... ...... 132
3.17.9 Mupad [F(-1)] . . . . o o 133

3.17.1 Optimal result

Integrand size = 15, antiderivative size = 126

2 by/mcos ( a— —) FresnelC <b+2“>

2 2 _ Veym
/zcos (a—i—bx-l—ca:)d:c—z— STz
b+2cx :
N by/m FresnelS ( o > sin ( > sin (2a + 2bzx + 2cz?)
8c3/2 8c

output‘1/4*x“2+1/8*sin(2*c*x”2+2*b*x+2*a)/c-1/8*b*cos(2*a-1/2*b“2/c)*FresnelC((2*
‘c*x+b)/c‘(1/2)/Pi‘(1/2))*Pi‘(1/2)/c“(3/2)+1/8*b*FresnelS((2*c*x+b)/c‘(1/2)
/Pi"(1/2))*sin(2*a-1/2+b72/c)*¥Pi"(1/2)/c"(3/2) |

3.17.2 Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 116, normalized size of antiderivative = 0.92

/:pcos2 (a + bz + cw2) dx

—by/T cos (Za — —) FresnelC (b“c””) + b/ FresnelS ( b+2“> sin <2a — g‘i) + v/c(2cz? + sin(2(a + z(b

= 8c3/2

~—

input LIntegrate [xxCos[a + b*x + c*x"2]72,x]

317. [zcos®(a+ bz + cz?) dz
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output ‘ (- (b*Sqrt [Pi]*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2xc*x)/(Sqrt[c]l*Sqrt[Pi])

‘ 1) + bxSqrt[Pi]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[Pi])]*Sin[2*a - b~2/(2*
‘ c)] + Sartlcl*(2xcxx"2 + Sin[2*(a + x*(b + c*x))]))/(8%c~(3/2))

3.17.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 133 Ryjes yged
integrand size

= {3949, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/azcos2 (a+ bz + cx2) dz

l 3949

1 9 T

/ icccos (2a+ 2bx + 2cx ) + 5 dzr
l 2009
/b cos <2a - g%) FresnelC (%%;%) V/bsin <2a - g%) FresnelS (:’%f/c%)
B 8c3/2 + ]¢3/2
sin (2a + 2bz + 2cz?) 2
8¢ 4

Int[x*Cos[a + b*x + c*x~2]"2,x]

N J

output ‘ x"2/4 - (b*Sqrt[Pi]*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2xc*x)/(Sqrt[c]*Sqr

‘ t[Pil)]1)/(8%c~(3/2)) + (b*Sqrt[Pi]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[Pil)
‘ 1*Sin[2*%a - b~2/(2%c)])/(8*%c~(3/2)) + Sin[2*a + 2*b*x + 2*xc*x~2]/(8%c)

317. [zcos®(a+ bz + cz?) dz
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3.17.3.1 Defintions of rubi rules used
ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]
ruk33949‘Int[Cos[(a_.) + (b_)*(x_) + (c_)*(x_)"2]"(n )*((d_.) + (e_.)*(x_))"(m_.),
‘ x_Symbol] :> Int[ExpandTrigReducel[(d + e*x) m, Cos[a + b*x + c*x"2]"n, x],
~ x] /; FreeQl{a, b, c, d, e, n}, x] & IGtQ[n, 1] |
3.17.4 Maple [A] (verified)
Time = 0.72 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.75
method | result size
in (2 z - o /7 (cos —4ac+b2 C 2cz+b 4sin —4ac+b2 S 2cx+b
default %_i_s (2 284226 +2a) VT (cos (=157 <x/5\/7rg (=) s(22)) 95
8c2
i 4ac—b2) f (ff b\/ﬁ) i(4ac—b2 ( b )
. 22 byme™ ~ 2¢ 2erf(V2 icw—i—;m by/me”  2c erf (—v/—2ica+ 5= sin (2c z2+2bx+2a)
risch 4 32¢v/ic + 16cv/—2ic + 8¢ 141

§
input tint (x*cos (cxx~2+b*x+a) "2, x,method=_RETURNVERBOSE)

e—

p
output‘1/4*x‘2+1/8*sin(2*c*x‘2+2*b*x+2*a)/c—1/8*b/c‘(3/2)*Pi“(1/2)*(cos(1/2*(-4*a

‘*c+b“2)/c)*Fresne1C((2*c*x+b)/c‘(1/2)/Pi‘(1/2))+sin(1/2*(—4*a*c+b“2)/c)*Fr
‘esnelS((2*c*x+b)/c“(1/2)/Pi‘(1/2)))

———————

3.17.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.98

/x0052 (a+bz+cz?) do =

2cx+b),/ £ 2cz+b),/ <
mb,/< cos (—b2;‘éac> C (( t)\/:) —mb\/£8 (%) sin (—”2;—‘:‘:“> —2c%x? — 2ccos (cx? + |

8 c?

-

inputtintegrate(x*cos(c*x‘2+b*x+a)‘2,x, algorithm="fricas")

e—

317. [zcos®(a+ bz + cz?) dz
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output‘—1/8*(pi*b*sqrt(c/pi)*cos(—1/2*(b“2 - 4xaxc)/c)*fresnel_cos((2*c*x + b)*sq
‘rt(c/pi)/c) - pixbxsqrt(c/pi)*fresnel_sin((2*c*x + b)*sqrt(c/pi)/c)*sin(-1
‘/2*(b“2 - 4xaxc)/c) - 2%cT2*x"2 - 2*kckxcos(c*x"2 + b*x + a)*sin(c*x”2 + b*x
+a))/c2 |

3.17.6 Sympy [F]

/xcos2 (a+bx—|—c:132) dr = /930082 (a—l—bm+cz2) dzx

input Lintegrate (x*cos (c*x**2+b*x+a) **2,X) J

output‘ Integral (xxcos(a + b*x + Cxx**2)**2, Xx) ‘

3.17.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.64 (sec) , antiderivative size = 610, normalized size of antiderivative = 4.84

/zcos2 (a+ bz + cz®) dx

va( (6= 1) vavm (ont /oo ) 1) — 1) vy (ot ]/

inputtintegrate(x*cos(c*x‘2+b*x+a)‘2,x, algorithm="maxima") J

317. [zcos®(a+ bz + cz?) dz
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output | 1/64*sqrt (2)*(((I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*xI*c~2*x~2 +

4xIxb*ckx + I*¥b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqr
t(-(4*%I*c™2%x"2 + 4*I*b*c*x + I*b~2)/c)) - 1))*b~2*cos(-1/2%(b"2 - 4x*a*c)/
c) + ((I + 1)*sqrt(2)+*sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*xc~2*xx"2 + 4*xI*xbkc*
x + Ixb"2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*xc
“2%x72 + 4xI¥bkcxx + I*b~2)/c)) - 1))*b"2*sin(-1/2%(b"2 - 4xa*c)/c) - 2*((
-(I - 1D *sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt ((4*I*c™2*x~2 + 4*Ixb*cxx + I
*b~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c~2%x"
2 + 4xIxbxc*x + I*b~2)/c)) - 1))*bxc*cos(-1/2%(b~2 - 4*a*c)/c) + (-(I + 1)
*sqrt (2) *sqrt (pi) * (erf (sqrt (1/2) *sqrt ((4*I*c~2%x"2 + 4*I*b*c*x + I*b~2)/c)
) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2*%x"2 + 4*Ix*
b*c*x + I*¥b~2)/c)) - 1))*bkcxsin(-1/2%(b"2 - 4xaxc)/c))*x + 2*sqrt(2)*(4*xc
“2%x72 - c*x(Ixe”(1/2%(4*I*c”2*x"2 + 4*Ixb*c*x + I*b~2)/c) - I*e”(-1/2%(4xI
*C"2%x"2 + 4*Ixbxcxx + I*b~2)/c))*cos(-1/2%(b"2 - 4xa*c)/c) + c*x(e”(1/2%(4
*I*c”™2%x"2 + 4*xIxbxc*x + I*b~2)/c) + e (-1/2%(4xI*c~2%x"2 + 4*I*bkc*xx + I*
b~2)/c))*sin(-1/2*(b"2 - 4*axc)/c))*sqrt((4*xc™2*xx"2 + 4*bxc*x + b~2)/c))/(
c"2*sqrt ((4xc™2xx"2 + 4*bxc*x + b~2)/c))

3.17.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.44 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.37

/x cos® (a + bz + cz?) dz

‘ _ib%®—diac
iv?beﬁ(—éiv@<2z+?l<ﬁ3+1>>e( ) + ; e(2ica?+2iba+2ia)
_ Ll ve(i+1)
4 165
) _ —ib“+4iac
_iﬁberf(%iﬁ(%ﬁ-ﬁ()<—|’CC|+1))6( e _  e(~2ica?~2ibz—2ia)
ve(—fi+1
B 16c

-

inputLintegrate(x*cos(c*x‘2+b*x+a)‘2,x, algorithm="giac")

~—

-

output | 1/4*x~2 - 1/16*(I*sqrt(pi)*b*erf (-1/2xI*sqrt(c)*(2*x + b/c)*(Ixc/abs(c) +

1))*e”~(-1/2*(I*%b~2 - 4xIxaxc)/c)/(sqrt(c)*(I*c/abs(c) + 1)) + Ixe” (2*xIxc*x
"2 + 2*xIxbxx + 2*Ixa))/c - 1/16%(-I*sqrt(pi)*b*erf (1/2xI*sqrt(c)*(2*x + b/
c)*(-Ixc/abs(c) + 1))*e”(-1/2%(-I*b~2 + 4xI*axc)/c)/(sqrt(c)*(-Ixc/abs(c)

+ 1)) - Ixe”(-2xI*cxx™2 - 2+Ixb*x - 2+I*a))/c

317. [zcos®(a+ bz + cz?) dz
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3.17.9 Mupad [F(-1)]
Timed out.

/accos2 (a+ bz + cz?) da:z/a:cos (cac2+ba:+a)2dac

inputtint(x*cos(a + b*x + c*x72)72,x%)

output Lint(x*cos(a + b*x + c*x72)72, x)

317. [zcos®(a+ bz + cz?) dz
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3.18 [ cos? (a+ bz + cz?) dx

3.18.1 Optimal result . . . . . . . . . .. 134
3.18.2 Mathematica [A] (verified) . . . . . . . ... ... L o 134
3.18.3 Rubi [A] (verified) . . . . . ... .. 135
3.18.4 Maple [A] (verified) . ... ... . ... ... 130]
3.18.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 136
3.18.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . 137
3.18.7 Maxima [C] (verification not implemented) . . . . . . ... ... ... ... .. 137
3.18.8 Giac [C] (verification not implemented) . . . ... ... ... ........ 138
3.18.9 Mupad [F(-1)] . . . . o o 138

3.18.1 Optimal result

Integrand size = 13, antiderivative size = 100

g Vmeos (261 - —) FresnelC <b+f;E>

2 2 _z
/cos (a+bx+cx)dw—2+ 1/
\/_ FresnelS (b"'z“) sin <2a - g—i)
1z

output‘1/2*x+1/4*cos(2*a—1/2*b‘2/c)*FresnelC((2*c*x+b)/c“(1/2)/Pi‘(1/2))*Pi‘(1/2)
‘/c‘(1/2)—1/4*Fresnels((2*c*x+b)/c“(1/2)/Pi‘(1/2))*sin(2*a—1/2*b‘2/c)*Pi‘(1

3.18.2 Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.97

/0032 (a+ bz +cz?) dx

2./cx + /T cos ( ) FresnelC (bJ’Q“”) /7 FresnelS (be;f) sin <2a — g—i)
= NG

input  Integrate[Cos[a + b*x + c*x72]72,x]

3.18.  [cos®(a+ bz + cz?) dz
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output ‘ (2#Sqrt[c]*x + Sqrt[Pi]*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]
‘ *Sqrt [Pi])] - Sqrt[Pi]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[Pi])]*Sin[2*a -
‘ b~2/(2*c)])/ (4*Sqrt[c])

3.18.3 Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 154 Ryles used
integrand size
— {3931, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/cos2 (a+bz+ ca:2) dz

| 3931
/ G cos (2a + 2bz + 2cz?) + ;) dz
| 2009
Vcos (20— ) FresnelC (%22 )  /msin (2a — & ) Fresnel§ (222)
NG - a/c t3

-

input Int[Cos[a + b*x + c*x~2]°2,x]

N\

output ‘ x/2 + (Sqrt[Pil*Cos[2*a - b~2/(2%*c)]*FresnelC[(b + 2xc*x)/(Sqrt[c]*Sqrt [Pi
‘ 1)1)/(4xSqrtlc]) - (Sqrt[Pi]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[Pi])]*Sin[
‘2+a - b"2/(2+c)]1)/(4*Sqrt [c])

3.18.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3931‘Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTri
‘gReduce[Cos[a + b*x + c*x~2]°n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n, 1]

3.18.  [cos®(a+ bz + cz?) dz



CHAPTER 3.

LISTING OF INTEGRALS

3.18.4

Maple [A] (verified)

Time = 0.59 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.72

method | result size
T —4a.c+b2 2cxz+b i —4ac+b2 2cx+b
default | 2 + v (cos( =155 )C(ﬁﬁ;;”( =) s(%)) 79
ﬁe_i(i;c_i)\/ﬁerf<\/§\/%w+ib‘/§) \/'Trei(ﬁ;c_L2 erf(—\/%z+ ib )
risch 5+ NG 2ie) _ e V=] | 111

inputLint(cos(c*x*2+b*x+a)‘2,x,method=_RETURNVERBOSE)

output‘1/2*x+1/4*Pi‘(1/2)/c“(1/2)*(cos(1/2*(-4*a*c+b“2)/c)*FresnelC((2*C*X+b)/C”(
‘1/2)/Pi“(1/2))+sin(1/2*(-4*a*c+b“2)/c)*FresnelS((2*c*x+b)/c“(1/2)/Pi“(1/2)
N

3.18.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.93

/0052 (a + bz + cxz) dz

7./ € cos <——b2;‘i“> C (—(hmtb)\/z) — /%8 <—(2w+cb)\/3> sin (——bQQi“C> +2cx

4¢

inputLintegrate(cos(c*x“2+b*x+a)*2,x, algorithm="fricas")

output‘1/4*(pi*sqrt(c/pi)*cos(—1/2*(b“2 - 4xaxc)/c)*fresnel_cos((2*c*x + b)*sqrt(
‘c/pi)/c) - pi*sqrt(c/pi)*fresnel_sin((2*c*x + b)*sqrt(c/pi)/c)*sin(-1/2*(b
“2 - 4xaxc)/c) + 2%c*x)/c

3.18.  [cos®(a+ bz + cz?) dz
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3.18.6 Sympy [A] (verification not implemented)

Time = 0.47 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.83

/cos2 (a+ bz + cz®) dx

e, \/7_r<—sin (2a— %)S(%’g) + cos <2a— %)C(%ﬁ)) \/g
T2 4

p
inputLintegrate(cos(c*x**2+b*x+a)**2,x)

| —

output‘x/2 + sqrt(pi)*(-sin(2%a - b**2/(2%c))*fresnels((2%b + 4xc*x)/(2*sqrt(pi)*
\sqrt(C))) + cos(2*a - b*x2/(2xc))*fresnelc((2xb + 4*c*xx)/(2*sqrt(pi)*sqrt(
LC))))*sqrt(l/c)/4 J

3.18.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.32 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.24

/cos2 (a+bz+cz?) do =

R () ) ) (e en ()«

32¢?

input  integrate(cos(c*x~2+b*x+a)~2,x, algorithm="maxima")

N J

output‘-1/32*(4“(1/4)*sqrt(2)*sqrt(pi)*(((I - 1)*cos(-1/2x(b~2 - 4*axc)/c) + (I + ‘
| D*sin(-1/2% (b2 - 4%axc)/c))xerf ((2%Ixcxx + I¥b)/sqrt(2+Ixc)) + ((I + 1)
(*cos(-1/2%(b™2 - 4¥axc)/c) + (I - 1)*sin(-1/2%(b~2 - 4*axc)/c))*erf ((2xI*c
*x + I#b)/sqrt(-2+I*c)))*c™(3/2) - 16%c™2%x)/c 2 |

3.18.  [cos®(a+ bz + cz?) dz
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3.18.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.44 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.22

ivmef (—Live(2a+2)(i5+1)) o(-55)

1
/cos2 (a+ bz + cz?) dx:§x+

8\/5(%' + 1)
B i/ erf (%z Ve(2z+2) (—ﬁ + 1)) o(-0E)
8\/E<—|%°|+1>

inputLintegrate(cos(c*x‘2+b*x+a)“2,x, algorithm="giac")

output‘1/2*x + 1/8xIxsqrt(pi)*erf (-1/2xIxsqrt(c)*(2*x + b/c)*(Ixc/abs(c) + 1))*e”
‘(—1/2*(I*b‘2 - 4xIxaxc)/c)/(sqrt(c)*(Ixc/abs(c) + 1)) - 1/8%I*sqrt(pi)*erf
\(1/2*I*sqrt(c)*(2*x + b/c)*(-Ixc/abs(c) + 1))*e”(-1/2%(-I*b~2 + 4xIxa*c)/c
‘)/(sqrt(c)*(—I*c/abs(c) + 1))

3.18.9 Mupad [F(-1)]
Timed out.

/(:032 (a+ bz + cz?) dx:/cos (ca:2+bx+a)2dx

input Lint(cos(a + b*x + c*x72)72,x%)

output tint(cos(a + b*x + c*x72)72, x)

3.18.  [cos®(a+ bz + cz?) dz
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3.19 f cos? (a—l—gi)x+ca:2) da

3.19.1 Optimalresult . . .. . ... . . . ... .. 139
3.19.2 Mathematica [N/A] . . . . . . . . . 1391
3193 Rubi [N/A] .« . . oo 200
3.19.4 Maple [N/A] (verified) . . . . . . . ... L 141
3.19.5 Fricas [N/A] . . . . . o 141
3.19.6 Sympy [N/A] . . . o 141
3.19.7 Maxima [N/A] . . . . . . 1421
3.19.8 Giac [N/A] . . . . . o 142
3.19.9 Mupad [N/A] . . . o 142

3.19.1 Optimal result

Integrand size = 17, antiderivative size = 17

T 2 2

2 2 2
/ cos® (a + bz + cx?) dp — log(z) N lInt (cos (2a + 2bx + 2cz ),x>
T

output L1/2*1n (x)+1/2xUnintegrable (cos (2*cxx~2+2*b*x+2+%a) /x,x)

3.19.2 Mathematica [N/A]

Not integrable

Time = 3.96 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

dz

/ cos? (a + bz + cx?) gy — / cos? (a + bz + cz?)
T T

-

input Integrate[Cos[a + b*x + c*x~2]72/x,x]

output LIntegrate [Cos[a + b*x + c*x72]72/x, x]

3.19. f cos® (a+bz+ez?) dx

T



input

output

rule 2009

rule 3949
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3.19.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3949,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ cos? (a + bz + cz?)
z

l'3949

/ (cos (2a + 2bz + 2cz?) N 1) e

2z 2z

l'2009

1 2cx? 4 2bx + 2 1
/cos( cx” + 2bx + a)dx+ og(x)

2 T

LInt [Cos[a + b*x + c*x72]"2/x,x] J

$Aborted

N\ J

3.19.3.1 Defintions of rubi rules used

LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

‘Int[Cos[(a_.) + (b_)*(x_) + (c_)*(x_)"2]"(n_)*((d_.) + (e_.)*(x_))"(m_.),
‘ x_Symbol] :> Int[ExpandTrigReducel[(d + e*x)”"m, Cos[a + b*x + c*x~2]"n, x],
 x] /; FreeQl{a, b, c, d, e, n}, x] & IGtQ[n, 1] J

3.19. f cos® (a+bz+ez?) dx

T
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3.19.4 Maple [N/A] (verified)

Not integrable

Time = 0.43 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

/ cos? (cz? + bx + a)
T

dz

input Lint (cos(c*x~2+b*x+a) ~2/x,x%)

output Lint (cos(c*x™2+b*xx+a) ~2/x,x)

3.19.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

2 2 2 2
/cos (a—l—bx—l—cw)dx:/cos(cx + bz + a) s

T T

inputtintegrate(cos(c*x‘2+b*x+a)“2/x,x, algorithm="fricas")

outputLintegral(cos(c*x"z + b*x + a)~2/x, x)

3.19.6 Sympy [N/A]
Not integrable

Time = 0.80 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

dz

/ cos? (a + bx + cz?) dp — / cos? (a + bx + cz?)
T T

p
input Lintegrate (cos (c*x**2+b*x+a) **2/x,x)

-/

output LIntegral(cos(a + bkx + ckx**2)**2/x, Xx)

3.19. f cos® (a+bz+ez?) dx

T
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3.19.7 Maxima [N/A]

Not integrable

Time = 0.40 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.65

dx

/ cos? (a + bz + cz?) i — / cos (cz? + bz + a)’
T T

input‘integrate(cos(c*x“2+b*x+a)“2/x,x, algorithm="maxima"

outputL1/2*integrate(cos(2*c*x‘2 + 2*%bxx + 2#%a)/x, x) + 1/2*log(x)

3.19.8 Giac [N/A]

Not integrable

Time = 0.49 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

2 2 2 2
/cos (a+xbx—|-cx)dx:/cos(cx —;bx+a) i

input Lintegrate (cos(c*x™2+b*x+a)~2/x,x, algorithm="giac")

output‘ integrate(cos(c*x™2 + b*x + a)~2/x, x)

3.19.9 Mupad [N/A]

Not integrable

Time = 13.75 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

2 2 2 2
/cos (a+bx+cm)dz:/cos(cx +bzx+a) i

T T

inputtint(cos(a + bxx + c*x”2)72/x%,x)

outputtint(cos(a + b*x + c*x72)"2/x, X)

3.19. f cos® (a+bz+ez?) dx

T



output
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3.20 [ 2% cos? (a + bz — cz?) dx

3.20.1 Optimal result . . . . .. .. . ... . 143]
3.20.2 Mathematica [A] (verified) . . . . . . . ... ... L oo 144
3.20.3 Rubi [A] (verified) . . . . . . ... .. 144
3.20.4 Maple [A] (verified) . . . .. .. ... ... 145
3.20.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 146
3.20.6 Sympy [F] . . . . . . 146
3.20.7 Maxima [C] (verification not implemented) . . . . . . . .. ... ... ... .. 147
3.20.8 Giac [C] (verification not implemented) . . . .. .. ... ... ....... 148
3.20.9 Mupad [F(-1)] . . . . o o 148

3.20.1 Optimal result

Integrand size = 18, antiderivative size = 248

g8 b'y/meos <2a + ’;—Z) FresnelC (b_20w>

Ve
/w2 cos’ (a + bz — cz?) dz = 5~ e
. /T cos (2a + g—i) FresnelS (l\’/_af;;)
16¢3/2
/7 FresnelC <i’ﬁ§;> sin <2a + g—i)
16¢3/2
b%\/ FresnelS (i’ﬁ%ﬁ%) sin <2a + %)
16¢5/2
_ bsin (2a + 2bz — 2cz?) _ zsin(2a + 2bz — 2cz?)
16¢2 8c

1/6%x73-1/16*b*sin (-2*c*x~2+2*b*x+2%a) /c"2-1/8*x*sin (-2*c*xx~2+2xb*x+2*a)/c
-1/16%b"2*cos (2*a+1/2+¥b"2/c) #*FresnelC((-2*c*x+b) /c~(1/2) /Pi~(1/2))*Pi~(1/2
)/c”(5/2)+1/16%cos (2*xa+1/2*xb"2/c) *FresnelS ((-2*c*x+b) /c~(1/2) /Pi~(1/2))*Pi
~(1/2)/c~(3/2)-1/16%FresnelC((-2*c*x+b) /c~(1/2) /Pi~(1/2))*sin(2*a+1/2*xb~2/
c)*Pi~(1/2)/c~(3/2)-1/16*%b~2*FresnelS ((-2*c*x+b)/c~(1/2)/Pi~(1/2))*sin(2*a
+1/2%b"2/c)*Pi~(1/2)/c~(5/2)

320.  [z?cos?(a+ bz — cz?) dx
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3.20.2 Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.71

/z2 cos? (a + bz — ca:2) dx

—3y/m FresnelS (j%rjc;) (c cos <2a + g—i) — b?sin <2a + g—i)) + 3+/7 FresnelC (‘\%F—f/?) <b2 cos (2(1 +8
48c5/?

e

input LIntegrate [x"2*Cos[a + b*x - c*x~2]72,x]

~—

e N

(-3*Sqrt [Pi]*FresnelS[(-b + 2*c*x)/(Sqrt[c]*Sqrt[Pi])]*(c*Cos[2*a + b~2/(2
'%c)] - b 2+Sin[2%a + b~2/(2%c)]1) + 3xSqrt[Pil*FresnelC[(-b + 2xc*x)/(Sqrt[ |
‘c] *3qrt [Pi])]1*(b~2*Cos[2*a + b~2/(2%c)] + c*Sin[2*a + b~2/(2%c)]) + Sqrtlc ‘
Ix(8xc™2*%x~3 - 3*(b + 2*c*x)*Sin[2x(a + x*x(b - c*x))]1))/(48%c~(5/2))

N\ J

output

3.20.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 248, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, number of rules _ 0.111, Rules used
integrand size

— {3949, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:c2 cos? (a + bx — cw2) dx

l 3949
1, oy | T2
/ 5T cos (2a + 2bx — 2cz”) +E dz
l 2009
V/7sin <2a + g%) FresnelC (biaf?%) V/7b? cos (2a + g%) FresnelC (%%;%)
B 16¢3/2 - 16¢5/2 -
V/mb? sin (20 + 12’—26) FresnelS (i’/_af/c%) .\ /T cos <2a + g—i) FresnelS (i’kf;%) B
16¢5/2 16¢3/2
bsin (2a + 2bx — 20932) z sin (2a + 2bx — 2c:c2) x3
16¢2 B 8¢ *ts

320.  [z?cos?(a+ bz — cz?) dx
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input‘Int[x”2*Cos[a + b*x - c*x"2]72,x]

output | x~3/6 - (b~2xSqrt[Pil*Cos[2*a + b~2/(2*c)]*FresnelC[(b - 2*c*x)/(Sqrt[c]*S
qrt[Pi])])/(16*%c~(5/2)) + (Sqrt[Pil*Cos[2*a + b~2/(2#c)]*FresnelS[(b - 2*c
*x)/(Sqrt [c]*Sqrt [Pil)]1)/(16%c~(3/2)) - (Sqrt[Pil*FresnelC[(b - 2*c*x)/(Sq
rt[c]*Sqrt[Pi])]1*Sin[2*a + b~2/(2*%c)])/(16%c~(3/2)) - (b~2xSqrt[Pi]*Fresne
1S[(b - 2*c*x)/(Sqrt[cl*Sqrt[Pi]l)]1*Sin[2*a + b~2/(2*c)])/(16*%c~(5/2)) - (b
*Sin[2%a + 2xbxx - 2xc*xx"2])/(16%c”2) - (x*Sin[2%a + 2%b*x - 2%c*x"2])/(8%
c)

3.20.3.1 Defintions of rubi rules used

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruk33949‘Int[Cos[(a_.) + (b_)*(x_) + (c_.)*(x_)"2]1 (@ )*((d_.) + (e_.)*(x_))"(m_.),
‘ x_Symbol] :> Int[ExpandTrigReducel[(d + e*x)”"m, Cos[a + b*x + c*x~2]"n, x],
‘ x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1] ‘

3.20.4 Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 199, normalized size of antiderivative = 0.80

method | result
4ac b2 2cz—b . 4ac b2 2cz—b
b _Si“(—"’”z+2”z+2a)+bﬁ (con (2ot )C<ﬁﬁ2+5“‘( st )s(Z2 ) (
C
z3 _ zsin(—2cw2+2bz+2a) 4c2 _ V7 (c
default 5 = + v
i(4ac+b2 ' i(4ac+b2 4 i(4ac+b?
isch 23 b2\/mre” 2c erf(\/—2icx+ &) i/me” Zc erf(x/—2i0x+\/%> b2/Te Zc V2 erf(—\/iv
IS¢ T 3262/ —2ic + 32cv/—2ic - 64c2+/ic
inputLint(x“2*cos(-c*x“2+b*x+a)“2,x,method=_RETURNVERBOSE) J

320.  [z?cos?(a+ bz — cz?) dx
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output | 1/6*x~3-1/8*x*sin(-2*c*x~2+2xb*x+2%*a) /c+1/4*b/c* (-1/4*sin (-2*c*x~2+2xb*x+2
*a)/c+1/4*b/c~(3/2)*Pi~ (1/2)*(cos (1/2* (4*a*c+b~2) /c)*FresnelC(1/Pi~(1/2)/c
~(1/2)*(2xc*x-b) )+sin(1/2* (4*a*c+b~2) /c) *FresnelS(1/Pi~(1/2)/c~(1/2) *(2*c*
x-b))))-1/16/c~(3/2)*Pi~(1/2) *(cos(1/2* (4*a*xc+b~2)/c)*FresnelS(1/Pi~(1/2)/
c~(1/2)*(2*c*x-b) ) -sin(1/2* (4*a*c+b~2) /c) *FresnelC(1/Pi~(1/2) /c~(1/2)*(2*c
*x-b)))

3.20.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 187, normalized size of antiderivative = 0.75
/x2 cos’ (a + bz — cz?) dz

™

8313 + 6 (2 c2x + be) cos (cx? — bx — a) sin (cx? — bz —a) + 3 <7rb2 cos (l’zg—‘i“> + mesin (%)) VE

48 3
inputLintegrate(x“2*cos(-c*x“2+b*x+a)‘2,x, algorithm="fricas") J
output | 1/48% (8+%c~3*x"3 + 6% (2*xc”2*x + b*c)*cos(c*xx"2 - b*x - a)*sin(c*x™2 - b*x -
a) + 3x(pi*b~2*cos(1/2*(b”2 + 4*a*c)/c) + pi*c*sin(1/2*%(b"2 + 4*axc)/c))*
sqrt (c/pi)*fresnel_cos((2*c*x - b)*sqrt(c/pi)/c) + 3*(pi*b~2*sin(1/2*(b"2
+ 4xaxc)/c) - pi*c*cos(1/2*%(b”2 + 4xa*c)/c))*sqrt(c/pi)*fresnel_sin((2*c*x
- b)*sqrt(c/pi)/c))/c”3
3.20.6 Sympy [F]
/xz cos’® (a + bz — cz?) dz = /x2 cos’ (a + bz — c2?) dz
inputLintegrate(x**2*cos(-c*x**2+b*x+a)**2,x) J

/

outputLIntegral(x**2*cos(a + DX — CHXHKX)**2, X)

p J

320.  [z?cos?(a+ bz — cz?) dx
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3.20.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.05 (sec) , antiderivative size = 1617, normalized size of antiderivative = 6.52

/ z? cos? (a + br — cx2) dx = Too large to display

;
input‘integrate(x‘2*cos(—c*x‘2+b*x+a)‘2,x, algorithm="maxima")

output

N

-1/384x*sqrt (2) *(24* ((((I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt ((4*I*c™
2%x"2 - 4*xIxbkckx + I*¥b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(l
/2) *sqrt (- (4*I*c™2%x"2 - 4*Isbkcxx + I*b~2)/c)) - 1))*b~2%c”3 + 2% (-(I + 1
)*sqrt (2) *gamma (3/2, 1/2%(4*Ixc”2*x"2 - 4*Ixb*cxx + I*b~2)/c) + (I - 1)#*sq
rt(2)*gamma (3/2, -1/2*(4*xI*c~2+%x"2 - 4*I*bxc*x + I*b~2)/c))*c~4)*cos(1/2*(
b2 + 4xaxc)/c) + ((-(I + 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt((4*I*c~2
*x"2 — 4xI*bxc*x + I*b~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/
2) *sqrt (- (4*xI*c~2*%x"2 - 4*Ixbxc*x + I*b~2)/c)) - 1))*b"2*c"3 + 2% (-(I - 1)
*sqrt (2) xgamma (3/2, 1/2%(4*I*xc™2%x"2 - 4xI*bxc*x + I*b~2)/c) + (I + 1)*sqr
t(2) *gamma (3/2, -1/2%(4xIxc™2*x"2 - 4xIxbxc*x + I*b~2)/c))*c”4)*sin(1/2*(b
"2 + 4*axc)/c))*x"3 + 36x(((-(I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt(
(4%xIxc™2xx"2 - 4xIxbxcxx + I*b~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf
(sqrt (1/2) *sqrt (- (4*Ixc™2%x"2 - 4*Isbkcxx + I*b~2)/c)) - 1))*b~3%c™2 + 2x(
(I + 1)*sqrt(2)*gamma(3/2, 1/2x(4*I*c~2*%x"2 - 4*Ixb*c*x + Ix*b~2)/c) - (I -
1) *sqrt (2) *gamma (3/2, -1/2*%(4*I*c~2%x"2 - 4xI*b*c*x + I*b~2)/c))*b*c”3)*c
0s(1/2%(b"2 + 4xa*xc)/c) + (((I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt((
4*T*c™2*x"2 - 4*Ixb*cxx + I*b"2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(
sqrt (1/2) *sqrt (- (4*xI*c”2*x"2 — 4*Ixbxc*x + I*b~2)/c)) - 1))*b"3*c”2 + 2% ((
I - 1)*sqrt(2)*gamma(3/2, 1/2*%(4*Ixc™2%x"2 - 4*xI*bxc*x + I*b~2)/c) - (I +
1) *sqrt (2) *gamma (3/2, -1/2%(4*I*c”2%x"2 - 4*Ixbxc*x + I*b~2)/c))*b*c™3)...

320.  [z?cos?(a+ bz — cz?) dx
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3.20.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.42 (sec) , antiderivative size = 216, normalized size of antiderivative = 0.87

/z2 cos? (a + bz — cx2) dx

) _ib%+diac
(20— 52) 4 23 lovt-ste-aia) _ VR0 (- ie(ao-t) () )
_ 1x3 _ i ve(ig+1)
6 32¢2 2
—ib“—4iac
ivm(b?—ic) ert(Live(22-2) (—lifl-f-l))e(_ o)

c(—=2 z + 18) — 2j b)e(—2ica®+2ibz+2ia) 4 |
“ g ) ve(—i5+1)

32 c?

inputLintegrate(x“2*cos(-c*x“2+b*x+a)“2,x, algorithm="giac")

output  1/6*x~3 - 1/32%((c*(2*xI*x - I*b/c) + 2*%Ixb)*e” (2xI*c*xx~2 - 2%Ixb*x - 2*I*a
) - I*sqrt(pi)*(b~2 + Ikc)*erf(-1/2*I*sqrt(c)*(2*xx - b/c)*(I*c/abs(c) + 1)
Y*¥e” (-1/2%(I*b~2 + 4xIxa*c)/c)/(sqrt(c)*(I*xc/abs(c) + 1)))/c”2 - 1/32*((c*
(-2*I*x + I*b/c) - 2+Ixb)*e” (-2xIkckxx~2 + 2xIxbxx + 2xI*a) + I*sqrt(pi)*(b
"2 - Ixc)*erf(1/2xI*sqrt(c)*(2xx - b/c)*(-Ixc/abs(c) + 1))*e~(-1/2*%(-Ixb~2
- 4xIxaxc)/c)/(sqrt(c)*(-I*c/abs(c) + 1)))/c"2

3.20.9 Mupad [F(-1)]

Timed out.

/:1320082 (a—l—bx—cw2) dac=/w2cos (—cw2+bx—|—a)2dx

input Lint(x‘2*cos(a + b*x - c*x”2)72,x%)

output Lint(x‘2*cos(a + b*x - c*x72)72, x)

320.  [z?cos?(a+ bz — cz?) dx
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3.21 [z cos? (a+ bz — cz?) dzx

3.21.1 Optimalresult . . . . .. .. . .. .. 149
3.21.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 149
3.21.3 Rubi [A] (verified) . . . . . ... .. 150
3.21.4 Maple [A] (verified) . . . . . . . .. .. [I5T]
3.21.5 Fricas [A] (verification not implemented) . . . . . . ... ... . ... ..., 151
3.21.6 Sympy [F] . . . . . 152
3.21.7 Maxima [C] (verification not implemented) . . . . . . . . ... .. ... ... 1521
3.21.8 Giac [C] (verification not implemented) . . . .. .. ... ... ....... 153
3.21.9 Mupad [F(-1)] . . . . o o 154

3.21.1 Optimal result

Integrand size = 16, antiderivative size = 126

, , 2 by/mcos <2a + 32) FresnelC ( NG
/zcos (a—l—bx—ca:)da:zz— =T
b\/_ FresnelS (b 2“) sin <2a + >
8¢3/2
_ sin (2a + 2bz — 2c?)
8c

7)

output‘1/4*x‘2-1/8*sin(—2*c*x“2+2*b*x+2*a)/c—1/8*b*cos(2*a+1/2*b‘2/c)*FresnelC((-
‘2*c*x+b)/c“(1/2)/Pi”(1/2))*Pi“(1/2)/c“(3/2)-1/8*b*FresneIS((-2*c*x+b)/c“(1
/2)/Pi”(1/2))*sin(2%a+1/2+b"2/c)¥Pi~ (1/2)/c™(3/2) |

3.21.2 Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.97

/wcos2 (a + bz — c:vQ) dzx

b\/T cos <2a + gz> FresnelC ( b+\2f°””> + by/m FresnelS (‘%&%’”) sin <2a + g—i) + v/c(2cx? — sin(2(a + z (8
- 8c3/2

321.  [zcos®’(a+ bz —cz?) dz
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input‘ Integrate[x*Cos[a + b*x - c*x~2]72,x]

output ‘/(b*Sqrt [Pil*Cos[2*a + b~2/(2*c)]*FresnelC[(-b + 2*c#*x)/(Sqrt[c]*Sqrt[Pi])]
‘ + b*Sqrt [Pi]*FresnelS[(-b + 2*c*x)/(Sqrt[c]*Sqrt[Pi])]*Sin[2*a + b~2/(2*c
)1 + Sqrtlc]*(2+c*x"2 - Sin[2#(a + x*(b - c*x))1))/(8%c™(3/2))

3.21.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, number of rules _ 0.125, Rules used
integrand size

= {3949, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

-

transformation is given above next to the arrow. The rules definitions used are listed below.

/ar:cos2 (a+ bz — c:cz) dz

l 3949

/ <;x cos (2a + 2bz — 2cac2) + z> dz
l 2009

b+ §) P (35) _ i+ o (537)

8c3/2 8¢3/2
sin (2a + 2bz — 2cz?) 2

8¢ 4

input‘ Int[x*Cos[a + b*x - c*x~2]"2,x]

output ‘{x“2/4 - (b*Sqrt[Pi]*Cos[2*a + b~2/(2*c)]*FresnelC[(b - 2xc*x)/(Sqrt[c]*Sqr
‘ t[Pi])]1)/(8*%c~(3/2)) - (b*Sqrt[Pi]*FresnelS[(b - 2*c#*x)/(Sqrt[c]*Sqrt[Pi])
‘ 1*Sin[2*a + b~2/(2*%c)])/(8xc”~(3/2)) - Sin[2%a + 2xb*x - 2%c*x~2]/(8%c)

321.  [zcos®’(a+ bz —cz?) dz

-
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3.21.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3949‘Int[Cos[(a_.) + (b_)*(x) + (c_)*(x)7"21" (@ )*((d_.) + (e_)*(x_))"(m_.),
‘ x_Symbol] :> Int[ExpandTrigReducel[(d + e*x) m, Cos[a + b*x + c*x"2]"n, x],

\ x] /; FreeQ[{a, b, c, d, e, m}, x] & IGtQ[n, 1]

3.21.4 Maple [A] (verified)

Time = 0.67 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.79

method | result size
4ac+b2 4ac+b2
2 sin(—2cz2+2bz+2a b/ ( cos P} +sin
default | 2 — S ) 4 (cos(t2522) o (2 02 (22528 (3 99
4 8¢
8c2
[3 4ac+b2 ) I3 4ac+b2) )
] 2 bme  m ed(VoBieot ) byme % VEerf(—vV2Viert2)  gn( aeq?42ba+2a)
risch Tt 160y/—2ic - - 8¢ 137

-

input tint (x*cos (~cxx~2+b*x+a) "2, x,method=_RETURNVERBOSE)

e—

p
output‘1/4*x‘2—1/8*sin(—2*c*x‘2+2*b*x+2*a)/c+1/8*b/c‘(3/2)*Pi‘(1/2)*(cos(1/2*(4*a
‘*c+b‘2)/c)*FresnelC(l/Pi‘(1/2)/c“(1/2)*(2*c*x—b))+sin(1/2*(4*a*c+b‘2)/c)*F

‘resnelS(l/Pi‘(1/2)/0‘(1/2)*(2*c*x—b)))

———————

3.21.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.06

/x0052 (a+ bz —cz?) dx

2cz—b),/ < 2cx—b), /< ~
mby/< cos (bzg‘é“c> C (( c)\/:) + b\ /<8 (%) sin (b +4“C> +2c2x2 +2ccos(cx? — bz —a

-

inputkintegrate(x*cos(—c*x‘2+b*x+a)‘2,x, algorithm="fricas")

e—

321.  [zcos®’(a+ bz —cz?) dz
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output‘1/8*(pi*b*sqrt(c/pi)*cos(1/2*(b“2 + 4xaxc)/c)*fresnel_cos((2xc*x - b)*sqrt
‘(c/pi)/c) + pixbxsqrt(c/pi)*fresnel_sin((2*c*x - b)*sqrt(c/pi)/c)*sin(1/2*
‘(b‘2 + 4xaxc)/c) + 2%cT2*xx"2 + 2xcxcos(c*x"2 - b*x - a)*sin(c*x"2 - b*x -

a))/c"2

3.21.6 Sympy [F]

/CL’COS2 (a+ bx — ch) dr = /xcos2 (a + bx — 0932) dx

input Lintegrate (x*cos (—cxx**2+b*x+a) ¥*2,%) J

output‘ Integral (xxcos(a + b*x - cxx**2)**2, Xx) ‘

3.21.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.70 (sec) , antiderivative size = 611, normalized size of antiderivative = 4.85

/zcos2 (a + bx — c:cQ) dx

va( (6= 1) vavm(ont (/o) 1) — i+ 1) v ot ]/t

inputkintegrate(x*cos(-c*x‘2+b*x+a)‘2,x, algorithm="maxima") J

321.  [zcos®’(a+ bz —cz?) dz



output

input

output
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1/64%sqrt (2)*(((I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt ((4*I*c™2*x"2 -
4xIxb*ckx + I*¥b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqr
t(-(4*%I*c™2%x"2 - 4xI*b*c*x + I*b~2)/c)) - 1))*b~2xcos(1/2*(b~2 + 4*axc)/c
) + (—(I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt ((4*I*c~2*x~2 - 4*Ixb*cx*
x + Ixb"2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*xc
“2%x72 - 4xI¥bkcxx + I*b~2)/c)) - 1))*b"2xsin(1/2*(b~2 + 4*axc)/c) - 2x(((
I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt ((4*I*xc 2*x"2 - 4*xIxb*cxx + I*b
~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt(-(4*Ixc 2*x"2
- 4xIxbkckx + I*b~2)/c)) - 1))*b*c*xcos(1/2%(b"2 + 4xaxc)/c) + (-(I + 1)*sq
rt(2)*sqrt (pi)*(erf (sqrt (1/2)*sqrt ((4*Ixc~2%x"2 - 4*xI*bxc*x + I*b~2)/c)) -
1) + (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c"2%xx"2 - 4xIxb*c
*x + I*b~2)/c)) - 1))*bxc*sin(1/2%(b~2 + 4*axc)/c))*x + 2xsqrt(2)*(4*c™2*x
2 - cx(I*xe” (1/2%x(4*Ixc™2%x"2 - 4*I*b*cxx + I*b~2)/c) - Ixe”(-1/2%(4*I*c"2
*x"2 - 4xIxb*c*x + I*b~2)/c))*cos(1/2*(b"2 + 4*a*xc)/c) - c*x(e”(1/2%(4*I*c™
2*x72 - 4*xIxbxc*x + I*b~2)/c) + e (-1/2%(4*I*c”2%x"2 — 4*I*bxc*x + I*b~2)/
c))*sin(1/2*(b~2 + 4xaxc)/c))*sqrt ((4*c™2*xx"2 - 4xbxcxx + b~2)/c))/(c"2*sq
rt ((4*%c™2%x"2 - 4xbxc*x + b~2)/c))

3.21.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.43 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.38

/a:cos2 (a+ bz —cz?) do

_ib2tdiac
__ivﬁ%Eﬁ(_%iVG(Qz_%)(%§+4)>e( ) 1 g e(2ica®~2ibo—2ia)
1, ve(fs+1)
T4 A8
iV?beﬁ(%iV@<2x—%)(—fﬁ*J))e(_:LLi#uE> — j e(—2ica®+2ibz+2ia)

(e

16¢

-

Lintegrate(x*cos(-c*x‘2+b*x+a)‘2,x, algorithm="giac")

1/4%x~2 - 1/16*%(-I*sqrt(pi)*b*erf (-1/2*xI*sqrt(c)*(2*x - b/c)*(I*c/abs(c) +

1))*e~(-1/2*(I*b~2 + 4xIxaxc)/c)/(sqrt(c)*(I*xc/abs(c) + 1)) + I*xe™ (2*Ixc*
X"2 - 2+Ixb*x - 2+Ixa))/c - 1/16x(I*sqrt(pi)*b*erf (1/2*I*sqrt(c)*(2*x - b/
c)*(-Ixc/abs(c) + 1))*e”(-1/2%(-I*b~2 - 4x*I*axc)/c)/(sqrt(c)*(-Ixc/abs(c)
+ 1)) - Ixe”(-2xI*cxx™2 + 2%Ixb*x + 2+Ixa))/c

321.  [zcos®’(a+ bz —cz?) dz

~—




CHAPTER 3. LISTING OF INTEGRALS 154

3.21.9 Mupad [F(-1)]
Timed out.

/:ccos2 (a+bz —cz?®) do = /xcos (—cx2+bx+a)2dx

inputtint(x*cos(a + b*x - c*x72)72,x)

output Lint(x*cos(a + b*x - c*x72)72, x)

321.  [zcos®’(a+ bz —cz?) dz
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3.22 [ cos? (a + bz — cx?) dz

3.22.1 Optimal result . . . . .. .. . ... . 155]
3.22.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 155
3.22.3 Rubi [A] (verified) . . . . . ... . 156
3.22.4 Maple [A] (verified) . . . . ... . . ... 157
3.22.5 Fricas [A] (verification not implemented) . . . . . . ... ... . ... ... .. 157
3.22.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 58]
3.22.7 Maxima [C] (verification not implemented) . . . . . . .. ... ... ... .. 158
3.22.8 Giac [C] (verification not implemented) . . . . ... ... ... ....... 159
3.22.9 Mupad [F(-1)] « o v v oo e 59

3.22.1 Optimal result

Integrand size = 14, antiderivative size = 100

/ cos® (a+bw — ca®) dz = ; _ Vs (2a + g?ﬁemelc (b 3;;)
\/_Hesnels <b 20”) sin (2a + 3—2)
4y/e

output‘1/2*x—1/4*cos(2*a+1/2*b‘2/c)*FresnelC((—2*c*x+b)/c“(1/2)/Pi‘(1/2))*Pi‘(1/2
‘)/c“(1/2)—1/4*FresneIS((—2*c*x+b)/c‘(1/2)/Pi‘(1/2))*sin(2*a+1/2*b‘2/c)*Pi‘

3.22.2 Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.00

/0032 (a+ bz —cz?) dx

2y/cx + /7 cos <2a + 22> FresnelC ( b+2‘””) + /7 FresnelS ( b+j‘ix> sin (2a + g—i)
NG

input  Integrate[Cos[a + b*x - c*x72]72,x]

322.  [cos?(a+br —ca?) dz




CHAPTER 3. LISTING OF INTEGRALS 156

output | (2#Sqrt [c]#x + Sqrt[Pil*Cos[2*a + b~2/(2%c)]*FresnelCL(-b + 2kc*x)/(Sqrtlc
1%8qrt[Pi])] + Sqrt[Pil*FresnelS[(-b + 2xc*x)/(Sqrt[c]*Sqrt[Pil)]*Sin[2+a
-+ b72/(2%c)1)/ (4xSqrt [c])

3.22.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 143 Ryles used
integrand size
— {3931, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/cos2 (a+bzx— ca:z) dz

l 3931
1 9 1
/ 5 ¢0s (2a + 2bz — 2cz?) +5 dz
l 2009
/e (ot ) Promel0 (1737) _ vsin (30 + ) FrenelS (37) s
44/c 4/c 2

-

input Int[Cos[a + b*x - c*x~2]"2,x]

N\

output \ x/2 - (Sqrt[Pi]*Cos[2*a + b~2/(2*c)]*FresnelC[(b - 2*c*x)/(Sqrt[c]*Sqrt[Pi
‘ 1)1)/(4xSqrtc]) - (Sqrt[Pi]*FresnelS[(b - 2*c*x)/(Sqrt[c]*Sqrt[Pi])]*Sin[
‘2%a + b2/ (2+c)1)/(4*Sqrt [c])

3.22.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3931‘Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTri
‘gReduce[Cos[a + b*x + c*x~2]°n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n, 1]

322.  [cos?(a+br —ca?) dz
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3.22.4 Maple [A] (verified)

Time = 0.68 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.76

method | result size
T 4ac+b2 2cx—b in 4ac b2 2cx—b
st | 3.4 Y2 ) (L) )5 ) N
i(4ac+b2) ; " i(4ac+b2 f ; \/’f /3
me” ~  2c  erf(+/—2icx 20 e~ 2¢  V2erf(—vV2Vicz+2L
risch | 24+ e ) 2 ) | o

inputLint(cos(—c*x‘2+b*x+a)“2,x,method=_RETURNVERBOSE)

Output‘1/2*x+1/4*Pi”(1/2)/C”(1/2)*(COS(1/2*(4*a*c+b”2)/c)*FresnelC(l/Pi”(1/2)/c”(
‘1/2)*(2*c*x-b))+sin(1/2*(4*a*c+b“2)/c)*FresnelS(l/Pi“(1/2)/c“(1/2)*(2*c*x-
\b)))

3.22.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.96
/cos2 (a+bz— c:v2) dx

ry/Zeos () 0 (U ) s (U Y (Be) 4 200

4¢

inputLintegrate(cos(—c*x“2+b*x+a)‘2,x, algorithm="fricas")

output‘1/4*(pi*sqrt(c/pi)*cos(1/2*(b“2 + 4xaxc)/c)*fresnel_cos((2xc*x - b)*sqrt(c
‘/pi)/c) + pixsqrt(c/pi)*fresnel_sin((2*cxx - b)*sqrt(c/pi)/c)*sin(1/2x(b"2
‘ + 4xaxc)/c) + 2%c*x)/c

322.  [cos?(a+br —ca?) dz
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3.22.6 Sympy [A] (verification not implemented)

Time = 0.45 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.88

/0032 (a + bz — cxz) dx

. 2 —dex 2 _dex
_o VAo (204 B)S(HR) +oos 20+ £)0())
2 4

p
inputLintegrate(cos(-c*x**2+b*x+a)**2,x)

| —

output‘x/2 + sqrt(pi)*sqrt(-1/c)*(-sin(2*a + b**2/(2*c))*fresnels((2*b - 4*c*x)/(
‘2*sqrt(pi)*sqrt(-c))) + cos(2*a + bx*2/(2%c))*fresnelc((2xb - 4x*c*x)/(2*sq
o (pi)*sart (-))))/4 J

3.22.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.33 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.24

/0032 (a+ bz —cz?) dx

B 4i\/§\/7_r((—(i —1) cos (bQ"z'—i“) + (i+1) sin (”2"2'—‘5“)> erf (21'%11) + (—(z +1) cos (1’2"2'—?”> + (i —
N 32 ¢?

input  integrate(cos(-c*x~2+b*x+a)~2,x, algorithm="maxima")

N J

output‘1/32*(4“(1/4)*sqrt(2)*sqrt(pi)*((—(I - 1)*cos(1/2%(b~2 + 4*axc)/c) + (I +
| 1)*sin(1/2% (b2 + 4¥axc)/c))xerf ((2%Ixcxx - I¥b)/sqrt(2*I*c)) + (-(I + 1)x
|cos(1/2%(b™2 + 4xaxc)/c) + (I - 1)*sin(1/2%(b™2 + 4¥axc)/c))*erf ((2+Ixckx
‘- I*¥b)/sqrt(-2*I*c)))*c~(3/2) + 16%c™2*x)/c"2 ‘

322.  [cos?(a+br —ca?) dz
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3.22.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.44 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.24

imert (~dive(2a —2) (1 +1)) o F)

1
/cosz(a+bx—cx2) dr = -z + -
2 8\/E<ﬁ + 1)
—ib2—4iac>

Civmat (§ive(2e —2)(~i5+1)) o075
()

inputLintegrate(cos(—c*x‘2+b*x+a)‘2,x, algorithm="giac")

output(1/2*x + 1/8*Ixsqrt(pi)*erf (-1/2*I*sqrt(c)*(2*x - b/c)*(I*xc/abs(c) + 1))*e”
\(—1/2*(I*b‘2 + 4xIxaxc)/c)/(sqrt(c)*(Ixc/abs(c) + 1)) - 1/8*I*sqrt(pi)*erf
‘(1/2*I*sqrt(c)*(2*x - b/c)*(-Ixc/abs(c) + 1))*e~(-1/2*%(-I*b"2 - 4*Ixaxc)/c
‘)/(sqrt(c)*(—I*c/abs(c) + 1))

3.22.9 Mupad [F(-1)]
Timed out.

/cos2 (a+ bz — cz?) dx:/cos (—cw2+bx+a)2dx

inputtint(cos(a + b*x - c*x"2)72,x)

outputtint(cos(a + b*x - c*x72)72, x)

322.  [cos?(a+br —ca?) dz
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3.93 f cos? (a+bz—cz?) da

T
3.23.1 Optimalresult . . .. ... .. .. ... .. . 160
3.23.2 Mathematica [N/A] . . . . . . . . . 1601
3.23.3 Rubi [N/A] © . o oo oo e e 16T
3.23.4 Maple [N/A] (verified) . . . . . . ... ... L 162
3.23.5 Fricas [N/A] . . . . . 162
3.23.6 Sympy [N/A] . . . o 162
3.23.7 Maxima [N/A] . . . . . . 163l
3.23.8 Giac [N/A] . . . . . o 163
3.23.9 Mupad [N/A] . . . . 163

3.23.1 Optimal result

Integrand size = 18, antiderivative size = 18

T

2 — 2 - 2
/ cos? (a + bz — cz?) dp — log2(x) N %Int (cos (2a + 2bx — 2cx ),x>
T

output L1/2*1n (x)+1/2xUnintegrable (cos (-2*c*x”~2+2*b*x+2*a) /x,X) J

3.23.2 Mathematica [N/A]

Not integrable

Time = 4.13 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

2 2 2 2
/cos (a+;)x cx)dm:/cos (a-l—xbx cx)dw

( hY

input Integrate[Cos[a + b*x - c*x~2]72/x,x]

output LIntegrate [Cos[a + b*x - c*x"2]72/x, x] J

3.93. f cos® (a+bz—cz?) dx

T



input

output

rule 2009

rule 3949
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3.23.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3949,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cos? (a + bz — cz?) p

x
x
l'3949
2 2bz — 2cz?
/ cos (2a + 2bzx ca:)+i e
2z 2z
l'2009
1 —2cx? + 2bz + 2
/cos( cx® + 2bx + a)dx+log(w)
2 T 2
LInt [Cos[a + b*x - c*x~2]"2/x%,x] J
$Aborted

N\ J

3.23.3.1 Defintions of rubi rules used

LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

‘Int[Cos[(a_.) + (b_)*(x_) + (c_)*(x_)"2]"(n_)*((d_.) + (e_.)*(x_))"(m_.),
‘ x_Symbol] :> Int[ExpandTrigReducel[(d + e*x)”"m, Cos[a + b*x + c*x~2]"n, x],
 x] /; FreeQl{a, b, c, d, e, n}, x] & IGtQ[n, 1] J

3.93. f cos® (a+bz—cz?) dx

T
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3.23.4 Maple [N/A] (verified)

Not integrable

Time = 0.39 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

2(_ 2 b
/cos ( cwx—l- r+a)dw

input Lint (cos(-c*x™2+b*x+a) ~2/x,x)

output Lint (cos (-c*x"2+b*x+a) “2/x,%)

3.23.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

2 a2 2 2
/cos (a—l—af)x c:c)dx:/cos( ca:;-bx—l-a) i

inputkintegrate(cos(—c*x‘2+b*x+a)‘2/x,x, algorithm="fricas")

outputLintegral(cos(c*x"z - b*x - a)~2/x, x)

3.23.6 Sympy [N/A]
Not integrable

Time = 0.84 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

T T

2 2 2 — o2
/cos (a+ bx cx)dw:/cos (a+ bx cx)dx

p
input Lintegrate (cos (—cxx**2+b*x+a) **2/x,%)

-/

output LIntegral(cos(a + b¥x - cxx**2)*x2/x, x)

3.93. f cos® (a+bz—cz?) dx

T
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3.23.7 Maxima [N/A]

Not integrable
Time = 0.38 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.56

2 a2 a2 2
/cos (a+xbx cx)dmz/cos( cxx-l—b:c—l—a) i

input‘integrate(cos(-c*x“2+b*x+a)“2/x,x, algorithm="maxima"

outputL1/2*integrate(cos(2*c*x‘2 - 2%b*x - 2%a)/x, x) + 1/2xlog(x)

3.23.8 Giac [N/A]

Not integrable
Time = 0.50 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

2 a2 a2 2
/cos (a+ai7x cx)dmz/cos( cx;—bx+a) s

input Lintegrate (cos(-c*x"2+b*x+a) "2/x,x, algorithm="giac")

output‘ integrate(cos(-c*x™2 + b*x + a)~2/x, x)

3.23.9 Mupad [N/A]

Not integrable
Time = 13.40 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

2 a2 a2 2
/cos (a+;)a: cx)dzz/cos( ca:;—bx+a) i

inputtint(cos(a + b*x - c*x72)72/x%,x)

output Lint(cos(a + b*x - c*x72)72/x, x)

3.93. f cos® (a+bz—cz?) dx

T
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3.24 [ z%cos? (3 + z + 2?) dz

3.24.1 Optimal result . . . . . . . . . ... 164
3.24.2 Mathematica [A] (verified) . . . . . . . . ... . L 164
3.24.3 Rubi [A] (verified) . . . . . ... .. 165
3.24.4 Maple [A] (verified) . . . . ... . . ... 166
3.24.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 1661
3.24.6 Sympy [F] . . . . . 167
3.24.7 Maxima [C] (verification not implemented) . . . . . .. .. ... ... ... .. 167
3.24.8 Giac [C] (verification not implemented) . . . ... ... ... ... ..... 168
3.24.9 Mupad [F(-1)] . . . . o 168

3.24.1 Optimal result

Integrand size = 15, antiderivative size = 85

1 3 1
/x2 cos? (— +z +x2> dr =2 + 1—6\/7_TFresnelC (

4 6

— —sin

2

1+ 2x

T

) — %ﬁP‘resnelS (1 + 2w>

N

1 1
—+ 2z + 2332) + ga:sin (— + 2z + 21:2)

(1

2

output ‘ 1/6%x"3-1/16*sin(1/2+2*x+2*x"2) +1/8*x*sin (1/2+2*x+2*x~2)+1/16*FresnelC((1+ ‘
2%x) /Pi~(1/2))*Pi~(1/2)-1/16%FresnelS((1+2*x) /Pi~(1/2))*Pi~(1/2)

N\

3.24.2 Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.91

/z2 cos? (i +x+x2> dr = 1 <8x3+3\/7_7 FresnelC (

48

142z 142z
NG )—3\/7?P‘resnelS( NG )

— 3sin (%(1 + 293)2) + 62 sin (%(1 + 2z)2>)

input LIntegrate[x“Q*Cos[1/4 +x + x°2]°2,%]

~—

)
output‘ (8xx~3 + 3xSqrt[Pi]*FresnelC[(1 + 2*x)/Sqrt[Pi]] - 3*Sqrt[Pi]*FresnelS[(1
+ 24x)/Sqrt[Pi]] - 3#Sin[(1 + 2#x)72/2] + 64x*Sin[(1 + 2%x)~2/2])/48

—.

3.24.

| x? cos? (;11 +x+x2) dz



input | Int[x~2%Cos[1/4 + x + x~2]°2,x]

p
output ‘ x"3/6 + (Sqrt[Pi]*FresnelC[(1 + 2*x)/Sqrt[Pi]l]l)/16 - (Sqrt[Pi]l*FresnelS[(1
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3.24.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 133 Ry jaq ysed = {3949,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x2c032 <w2+x+i> dz

l 3949
L 9 1
/<2+2m cos<2z +2z+2>>d:17
l'2009
1 2z +1 1 2z +1 3 1 1
16\/7_rFresnelC( :i/-;r )—16\/7?F‘resnels< gi/—;r >+x6+8acsin <2m2+2x+2) —
1 (o, 1
Esm <2x +2x+2)

p

~—

‘ + 2%x)/Sqrt[Pil]) /16 - Sin[1/2 + 2*x + 2%x72]/16 + (x*Sin[1/2 + 2*x + 2%x
L*z])/s

~

3.24.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3949‘Int[Cos[(a_.) + (b_)*(x_) + (c_.)*(x_)"2]1 (@ )*((d_.) + (e_.)*(x_))"(m_.),

‘ x_Symbol] :> Int[ExpandTrigReducel[(d + e*x)”"m, Cos[a + b*x + c*x~2]"n, x],
L x] /; FreeQ[{a, b, c, d, e, m}, x] & IGtQ[n, 1]

~

3.24. [z*cos? (3 +x+2?) dz
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3.24.4 Maple [A] (verified)

Time = 1.43 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.75

method | result
3 sin(l+2z+2z2) wsin(l+2z+2z2) C(%)ﬁ S(%)“”?
default | & — —2; 3 6 16
3 1 _pi 1 1 i
| ﬁﬁ<—1>4erf<ﬂ<—1>4m+w> <—1>4ﬁﬂerf<ﬁ<—1>4w+“§(2”> v ext (v =Zia— i)
TisC . 64 - 64 + 32v/-2 -
inputLint(x‘2*cos(1/4+x+x‘2)‘2,x,method=_RETURNVERBOSE) J

output‘1/6*x‘3—1/16*sin(1/2+2*x+2*x‘2)+1/8*x*sin(1/2+2*x+2*x‘2)+1/16*FresnelC((1+
2%x) /Pi~(1/2))*Pi~(1/2)-1/16*FresnelS((1+2%x) /Pi~(1/2))*Pi~(1/2)

N\ J

3.24.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.67

1 1 1 1 1
/3102(30s2 (Z+m+z2) dw=6x3+§(2x—1)cos <$2+x+4—1> sin (xz—l—x—l—z)

o (5o ()

inputLintegrate(x“2*cos(1/4+x+x‘2)‘2,x, algorithm="fricas") J

e

output

1/6%x"3 + 1/8%(2*%x - 1)*cos(x"2 + x + 1/4)*sin(x"2 + x + 1/4) + 1/16%sqrt(
‘pi)*fresnel_cos((Z*x + 1)/sqrt(pi)) - 1/16*sqrt(pi)*fresnel_sin((2*x + 1)/
‘sqrt(pi))

~

3.24. | x? cos? (;11 +z+ x2) dz
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3.24.6 Sympy [F]

1 1
/ac%os2 (Z+x+x2) dx=/x2c052 (x2+x+zl) dx

B
input Lintegrate (x**2%cos (1/4+x+x**2) **2,x)

~—

~—

outputLIntegral(x**Q*cos(x**Z + x + 1/4)*%*2, x)

3.24.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.43 (sec) , antiderivative size = 171, normalized size of antiderivative = 2.01

1
/3v2cos2 (Z +x+x2) dz

| 1280" 4 640 48:c<—z' e(2iz*+2iat}i) | z‘e(—W—%w—%i)) — 3822+ 87 +2 ((i —1) V27 (erf (\ﬁ

| —

p
inputLintegrate(x“2*cos(1/4+x+x“2)“2,x, algorithm="maxima"

output | 1/384*(128*x~4 + 64*x”3 - 48*x*x(-I*e” (2xI*x"2 + 2xI*x + 1/2%I) + I*xe” (-2*I
*x"2 - 2xIxx - 1/2%I)) - 3*sqrt(8*x~2 + 8xx + 2)*((I - 1)*sqrt(2)*sqrt(pi)
*(erf (sqrt (2*xI*x"2 + 2xI*x + 1/2+I)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(
sqrt (-2*I*x"2 - 2%I*x - 1/2%I)) - 1) - (2*%I + 2)*sqrt(2)*gamma(3/2, 2*I*x~
2 + 2%I*xx + 1/2%I) + (2%I - 2)*sqrt(2)*gamma(3/2, -2*%I*x~2 - 2%I*x - 1/2*I
)) + 24xIxe” (2%I*x"2 + 2%I*x + 1/2%I) - 24xIke” (-2%I*x"2 - 2xI*x - 1/2%I))
/(2%x + 1)

3.24. | x? cos? (;11 +z+ xz) dz
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3.24.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.50 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.75

1 1 1 . o1 1 . Y
/x2 cos® (Z+x+x2) dr==23—— (2iz — i)e®® +2ivt3i) ~3 (=2 + 1)e(~27*~2o—37)

6 32
1. : 1.1
—3—21ﬁerf ((2—1)x+§z—§)

1. : 1.1
+3—2@\/7_rerf (—(z+1)x—§z—§)

input Lintegrate (x"2xcos(1/4+x+x~2)"2,x, algorithm="giac")

~—

)

output\ 1/6%x73 = 1/32%(2+I*x - I)*e” (2*%I*x"2 + 2*I*x + 1/2*%I) - 1/32%(-2*I*x + I)
(%@~ (-2+I*x"2 - 2xI¥x - 1/2%I) - 1/32%I*sqrt(pi)*erf((I - 1)*x + 1/2*I - 1/
12) + 1/32%Ixsqrt(pi)*erf (-(I + 1)*x - 1/2*I - 1/2)

———

3.24.9 Mupad [F(-1)]

1 1\?
/av2cos2 (Z+x+x2) dm=/l‘2COS (xQ—i—m—i—Z) dx

Timed out.

inputLint(x’?*cos(x + x72 + 1/4)72,%x)

-

output Lint(x"2*cos(x + x72 + 1/4)72, x)

~—

3.24. | x? cos? (;11 +z+ xz) dz
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3.25 [zcos? (;+z+2?) dx

3.25.1 Optimal result . . . . .. .. . ... .. 169
3.25.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 169
3.25.3 Rubi [A] (verified) . . . . . .. .. .. V()
3.25.4 Maple [A] (verified) . . . . .. . . ... Ival
3.25.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. Ival
3.25.6 Sympy [B] (verification not implemented) . . . . ... ... ... ... ... . Il
3.25.7 Maxima [C] (verification not implemented) . . . . . . ... ... ... .... 172
3.25.8 Giac [C] (verification not implemented) . . . . ... ... ... ....... 172
3.25.9 Mupad [F(-1)] . . . . o o 173

3.25.1 Optimal result

Integrand size = 13, antiderivative size = 46

1 2 1 142 1 1
/azccos2 (Z+x+x2) dx = % —gﬁFresnelC( :;7_;”) —|—§sin (§+2x+2x2>

output‘1/4*x‘2+1/8*sin(1/2+2*x+2*x‘2)—1/8*Fresne10((1+2*x)/Pi“(1/2))*Pi”(1/2)

3.25.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.89
1 1 1+2 1
/accos2 (Z +x+ 1’2) dx = 3 (2x2 — /7 FresnelC ( \—;7_1_%> + sin (5(1 + 2m)2>)

input‘ Integrate[x*Cos[1/4 + x + x72]72,x]

~—

-

output L(2*x"2 - Sqrt[Pi]*FresnelC[(1 + 2*x)/Sqrt[Pi]l] + Sin[(1 + 2*x)~2/2])/8

~—

3.25. J zcos? (i +x+ x2) dz
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3.25.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 154 Ryjes used = {3949,

integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/accos2 <az2+w+i> dx

l 3949

1 9 1 T
/ <2:ccos <2m + 22 + 2) + 2) dzr

l 2009

1 2z + 1 2 1 1
—8ﬁHesnelC< ai/—; >+Z+88in <2x2+2x+2>

inputLInt [x*Cos[1/4 + x + x~2]72,x]

~—

p
0utput‘x‘2/4 - (Sqrt[Pi]*FresnelC[(1 + 2xx)/Sqrt[Pi]])/8 + Sin[1/2 + 2%x + 2*x"2]
L/s

3.25.3.1 Defintions of rubi rules used

-

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

|

rule 3949‘/Int[Cos[(a_.) + (b_)*(x_) + (c_)*(x_)"2] " (n )*((d_.) + (e_.)*(x_))"(m_.),
‘ x_Symbol] :> Int[ExpandTrigReducel[(d + e*x) m, Cos[a + b*x + c*x~2]"n, x],
\ x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

3.25. J zcos? (i +x+ x2) dz
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3.25.4 Maple [A] (verified)

Time = 1.31 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.76

method | result size
sin( L +4+2z+2x C e
default | 2 4 Snlismiary _ O(NE)v 35
1
3 1 ya(-14 .
| ettt ) ) () |
IS¢ Tt 32 - 16v/—2i + 8

input Lint (x*cos(1/4+x+x~2) "2, x,method=_RETURNVERBOSE)

p
OutputL1/4*x“2+1/8*sin(1/2+2*x+2*x“2)—1/8*FresnelC((1+2*x)/Pi“(1/2))*Pi“(1/2)

3.25.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.80
1 1 1 1 2 1
/accos2 (Z+x+z2) dw:1z2+1 coS <z2+z+1) sin (x +r+-— )——\/_C ( f/jr__ )

input‘integrate(x*cos(1/4+x+x“2)“2,x, algorithm="fricas")

output‘1/4*x“2 + 1/4%cos(x"2 + x + 1/4)*sin(x"2 + x + 1/4) - 1/8*sqrt(pi)*fresnel
‘_cos((2*x + 1) /sqrt(pi))

3.25.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 121 vs. 2(37) = 74.

Time = 0.92 (sec) , antiderivative size = 121, normalized size of antiderivative = 2.63

/aucos2 (1+x+x2) dx:x_2_ \/_a:C’<f f)r(flx) \/_QUC(f f)
4

4 16T (%) 4
sin (2(2+3)°)T(3)  vAO(% + ) T(3)
" 32r (3) 32r (2)

3.25. J zcos? (i +x+ x2) dz

~—
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input‘integrate(x*cos(1/4+x+x**2)**2,X) ‘

output(x**2/4 - sqrt(pi)*x*fresnelc(2*x/sqrt(pi) + 1/sqrt(pi))*gamma(1/4)/(16*gam
‘ma(5/4)) + sqrt(pi)*x*fresnelc(2*x/sqrt(pi) + 1/sqrt(pi))/4 + sin(2*(x + 1
‘/2)**2)*gamma(1/4)/(32*gamma(5/4)) - sqrt(pi)*fresnelc(2*x/sqrt(pi) + 1/sq
Lrt(pi))*gamma(1/4)/(32*gamma(5/4))

|

3.25.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.38 (sec) , antiderivative size = 136, normalized size of antiderivative = 2.96

/accos2 (}1 +x+z2> dx
32 $3 + 161:2 + Sx(—i e(ziz2+2iw+%z’) +ie(—2iz2—2iz—%i)> + /8 x2 + 81 + 2<(Z _ 1) ﬁﬁ(erf ( /2,&‘ .’L‘2
- 64 (

input | integrate (x*cos(1/4+x+x~2)"2,x, algorithm="maxima")

N J

output | 1/64*(32*%x"3 + 16*x"2 + 8*x*x(-I*e~ (2*I*x~2 + 2xI*kx + 1/2%I) + I*e~ (-2*I*x~
2 - 2%I*x - 1/2%I)) + sqrt(8*x~2 + 8%x + 2)*((I - 1)*sqrt(2)*sqrt(pi)*(ert
(sqrt (2*I*x~2 + 2*Ixx + 1/2*%I)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(
-2xI*x"2 — 2xI*x - 1/2+I)) - 1)) - 4*Ixe” (2*%I*x"2 + 2xI*x + 1/2%I) + 4xIxe
T(-2*%I*x72 - 2xI*kx - 1/2%I1))/(2*x + 1)

3.25.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.46 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.17

1 1 1 1 1 1
2 (1 2 _ 1.2 L L - 1.1
/xcos (4+x+x)dﬂc 17 +(322+32) \/7_rerf((z 1)x—|—2z 2)

—l- j; 1 1

B (321_ 32) \/7_Tel‘f (—(’L-l-l) x_ﬁi_i)
1. gis2igiertiy , 1 Y

_ 16ie(2zx2+21w+%z) + " .6(_2“02_2“6_%2)

3.25. J zcos? (i +x+ x2) dz
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inputLintegrate(x*cos(1/4+x+x“2)“2,x, algorithm="giac")

output‘1/4*x“2 + (1/32*%I + 1/32)*sqrt(pi)*erf((I - 1)*x + 1/2%I - 1/2) - (1/32%I
\— 1/32) *sqrt(pi)*erf (-(I + 1)*x - 1/2*I - 1/2) - 1/16%I*e” (2%xI*x"2 + 2*I*x
‘ + 1/2%I) + 1/16%Ixe”(-2*I*x~2 - 2%I*x — 1/2%I)

3.25.9 Mupad [F(-1)]

1 1\?
/ww§(1+x+ﬁ)dw=/&am6ﬁ+x+z)dx

Timed out.

input Lint(x*cos(x + X2 + 1/4)72,%)

output Lint(x*cos(x + x72 + 1/4)°2, x)

3.25. J zcos? (i +x+ x2) dz
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3.26 [ cos? (3 +z +2?) dz

3.26.1 Optimal result . . . . .. .. . ... . 174
3.26.2 Mathematica [A] (verified) . . . . . . . ... ... L oo Ive!
3.26.3 Rubi [A] (verified) . . . . . . ... .. 175
3.26.4 Maple [A] (verified) . ... ... ... .. 176]
3.26.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 176
3.26.6 Sympy [A] (verification not implemented) . . . .. .. ... ... .. ... . 176l
3.26.7 Maxima [C] (verification not implemented) . . . . . . . .. ... ... ... .. I
3.26.8 Giac [C] (verification not implemented) . . . .. ... ... ... ....... I
3.26.9 Mupad [F(-1)] . . . . . o 177

3.26.1 Optimal result

Integrand size = 11, antiderivative size = 27

1
/cos2 (1 +z +z2) dr =2 ¢ Z\/TrFresnelC (

1+ 2x
4 2

/T

output ‘ 1/2%x+1/4%FresnelC((1+2*x)/Pi~(1/2))*Pi~(1/2)

3.26.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.96

1 1 1+ 22
2 (1 2 _1
/cos <4+$+m>dm 4(2a:+\/7_rFresnelC< NG >)

input‘ Integrate[Cos[1/4 + x + x72]72,x] J

-

outputL(Q*x + Sqrt [Pi]*FresnelC[(1 + 2*x)/Sqrt[Pill)/4

~—

3.26. [ cos? (i +z+2%) dz



input

output

rule 2009
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3.26.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 199 Ryjeg used = {3931,

integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/cos2 <w2+w+ i) dx

l 3931

1 ) 1\ 1
/(2cos<2m +2w+2>+2>da;
l 2009
2z +1 T
NG )*

1
1 /7 FresnelC < 5

LInt [Cos[1/4 + x + x~2]72,x]

~—

-

x/2 + (Sqrt[Pi]*FresnelC[(1 + 2*x)/Sqrt[Pill)/4

N

i

3.26.3.1 Defintions of rubi rules used

LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3931‘Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTri

LgReduce[Cos[a + b*x + c*x"2]°n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n, 1]

—

3.26. [ cos? (i +z+2%) dz



CHAPTER 3. LISTING OF INTEGRALS 176

3.26.4 Maple [A] (verified)

Time = 1.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.74

method | result size

142z
™
4

default 5+ m 20

3 1 ya(-nid
B VTV2(-1)1 erf<\/§(—1)4:c+2(21)1> \/‘Trerf(\/—iﬁx— i )

V=21
16 + 8v/—2i : 58

risch

N8

input Lint (cos(1/4+x+x~2)"2,x,method=_RETURNVERBOSE)

output L1/2*x+1/4*Fresne1C( (142xx) /Pi~(1/2))*Pi~(1/2)

3.26.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.70

1 1 2z +1 1
2 (1 2 _1 1
/cos <4+:c+a:>da: 4\/7_rC< NG )+2x

input‘integrate(cos(1/4+x+x“2)“2,x, algorithm="fricas")

outputL1/4*sqrt(pi)*fresnel_cos((2*x + 1)/sqrt(pi)) + 1/2*x

3.26.6 Sympy [A] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.81

442

1 T ﬁo(zﬁ)

2 J— 2 frg— [
/cos (4+x+x)dx 2+ 4

input Lintegrate (cos(1/4+x+x**2) **2,x)

output Lx/2 + sqrt(pi)*fresnelc((4*x + 2)/(2*sqrt(pi)))/4

-/

3.26. [ cos? (i +z+2%) dz



input

output

input

output

input

output
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3.26.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.30 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.26

/0052 <i+x+x2> dr = _1_16 \/7_r<(z —1) erf (2252;';1) + (i +1) erf (%)) +%x

Lintegrate(cos(1/4+x+x“2)“2,x, algorithm="maxima"

‘—1/16*sqrt(pi)*((I - Dxerf((2*I*x + I)/sqrt(2*I)) + (I + 1)*erf((2xI*x +
|I1)/sqrt(-2+1))) + 1/2%x

3.26.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.59 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.96

1 1 1 1 1

2 (L 2 N L £ 1 1.1
/cos <4+J;+x>dx (16Z+16> Vmer ((z )x+2z 2)
1. 1 . 1. 1

Lintegrate(cos(1/4+x+x“2)“2,x, algorithm="giac")

—(1/16+I + 1/16)*sqrt(pi)*erf ((I - 1)#x + 1/2+I - 1/2) + (1/16%I - 1/16)*s
‘qrt(pi)*erf(~(I + 1)*x - 1/2+I - 1/2) + 1/2%x

3.26.9 Mupad [F(-1)]

Timed out.
2 ]‘ 2 2 1 2
cos Z+x+x dr= | cos|x +x+1 dx

-

int(cos(x + x™2 + 1/4)72,x)

N

Lint(cos(x +x72 + 1/4)°2, %)

3.26. [ cos? (i +z+2%) dz
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2(1 2)

cos”| 7+r+x

1

3.27 | — dx
3.27.1 Optimal result . . . . . . . . . .. . . 178
3.27.2 Mathematica [N/A] . . . . . . . . 178
3.27.3 Rubi [N/A] © © o oo e e 79
3.27.4 Maple [N/A] (verified) . . . . . . . . ... . 1801
3.27.5 Fricas [N/A] . . . . . 180
3.27.6 Sympy [N/A] . . . . 180
3.27.7 Maxima [N/A] . . . . . . 18T
3.27.8 Giac [N/A] . . . . o o 181
3.27.9 Mupad [N/A] . . . . 1811
3.27.1 Optimal result
Integrand size = 15, antiderivative size = 15

/ cos? (3 +z + z?) e — log(z) N Lo (cos (1 + 2z + 227) ,z>
x 2 2 x
outputL1/2*ln(x)+1/2*Unintegrable(cos(1/2+2*x+2*x“2)/x,x) J

3.27.2 Mathematica [N/A]
Not integrable

Time = 7.14 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

/cos2 (3 +z+2?) dac—/C082 (3 +z+2?) s
z x

-

input‘Integrate[Cos[1/4 + x + x72]172/x,x]

p >

-

output LIntegrate [Cos[1/4 + x + x72]72/x, x]

-/

.21, [ eflotede) gy

T
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3.27.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, Zumber of rules _ , 555 Ryles used = {3949,

integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

2 (2 1
/cos (xx—i-x+4)dx

l 3949

/ cos(2x2+2x+%) +i d
2z 2z

l 2009

202 + 2z + 3
1/cos( z? + I+2)dx+10g(x)
2 T 2

input‘ Int[Cos[1/4 + x + x~2]"2/%,x]

output L$Aborted

3.27.3.1 Defintions of rubi rules used

rukaQOOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 3949‘Int[Cos[(a_.) + (b_)*(x2) + (c_)*(x_)7217(n)*((d_.) + (e_.)*(x_))"(m_.),
‘ x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cos[a + b*x + c*x72]°n, x],
‘ x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

.21, [ eflotede) gy

T
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3.27.4 Maple [N/A] (verified)

Not integrable

Time = 0.36 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.87

/0082 (i +w—l—x2) "

T

input Lint (cos(1/4+x+x72)"2/x,%)

output Lint (cos(1/4+x+x72)"2/x,%)

3.27.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/cos2 (3 +z+2?) dx_/cos(a:2+z+;i)2 i
T x

-

inputtintegrate(cos(1/4+x+x‘2)‘2/x,x, algorithm="fricas")

—

output Lintegral(cos(x’? +x + 1/4)72/x, x)

3.27.6 Sympy [N/A]

Not integrable

Time = 0.66 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.93

/cos2 (;11+x+x2) dw_/cosz(ﬁ—kx—i—i) "
x x

input Lintegrate (cos (1/4+x+x%*2) **2/%,X)

-/

output LIntegral(cos(x**Q + X + 1/4)*%2/x, x)

.21, [ eflotede) gy

T
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3.27.7 Maxima [N/A]

Not integrable

Time = 0.36 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.60

/cosz(;ll+x+m2)dm_/cos(a:Q-}—m-l-;ll)zdx
T T

inputLintegrate(cos(1/4+x+x‘2)‘2/x,x, algorithm="maxima")

-

outputt1/2*integrate(cos(2*x‘2 + 2%x + 1/2)/x, x) + 1/2%log(x)

e—

3.27.8 Giac [N/A]

Not integrable

Time = 0.53 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/cos2 (;11+x+x2) dx_/cos(alcz—i-gv—i—i)2 "
x x

input‘integrate(cos(1/4+x+x“2)‘2/x,x, algorithm="giac")

output Lintegrate(cos(x'? +x + 1/4)72/x, x)

3.27.9 Mupad [N/A]

Not integrable

Time = 13.38 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

cos’ (j+x+2%)  [cos (a:2+z+;i)2
/ . dx—/ . dx

input Lint(cos(x + X2 + 1/4)°2/%,%)

output Lint(cos(x + x72 + 1/4)72/x, x)

.21, [ eflotede) gy

T
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cos? (1 +x+:c2>

328 [— 5 —Ldz

3.28.1 Optimal result . . . . . . .. . . .. .. 182
3.28.2 Mathematica [N/A] . . . . . . . .. . . 182
3283 Rubi [N/A] © © o oo e e e 183
3.28.4 Maple [N/A] (verified) . . . . . . . .. .. 184
3.28.5 Fricas [N/A] . . . . . . 184
3.28.6 Sympy [N/A] . . . . 184
3.28.7 Maxima [N/A] . . . . . . . 185
3.28.8 Giac [N/A] . . . . . o e 185
3.28.9 Mupad [N/A] . . . . 1851

3.28.1 Optimal result

Integrand size = 15, antiderivative size = 15

2 (1 2 1 2
1 1 =42 2 1+2
/COS (4+m+x)dm:___cos(2+ Tt x)—\/7_rFresneIS T
x? 2x 2z LS
in (1 + 2z + 22
—Int(sm(2+ = m)’$>
T

output‘—1/2/x—1/2*cos(1/2+2*x+2*x“2)/x-FresnelS((1+2*x)/Pi“(1/2))*Pi‘(1/2)—Uninte
 grable (sin(1/2+2%x+2+x"2)/x,%)

3.28.2 Mathematica [N/A]

Not integrable

Time = 7.05 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

2 (1 2 2 (1 2
/cos (41-2x+a:)dx:/cos (4:2x+x)dx

e

inputLIntegrate[Cos[1/4 + x + x72]172/x72,x]

\ J

output LIntegrate [Cos[1/4 + x + x~2]72/x"2, x]

-/

3.98. f cos? (3 +a+a?) dz

x2
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3.28.3 Rubi [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3949,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2 (2 1
/cos (ar; —;—x+4)dx
T

l 3949

1 cos (222 + 2z + L
/ — + (x + x+2) dz
212 212

l 2009

/ sin (22% + 2z + 1) 4z — /7 FresnelS <2a: + 1) _ cos (222 +2z+3) 1

N3 2z 2z

input LInt [Cos[1/4 + x + x72]72/x"2,x]

output L$Aborted

3.28.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3949‘Int[Cos[(a_.) + (b_)*(x2) + (c_)*(x_)7217(n)*((d_.) + (e_.)*(x_)) " (m_.),
‘ x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cos[a + b*x + c*x~2]°n, x],
‘ x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

3.98. f cos? (3 +a+a?) dz

x2
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3.28.4 Maple [N/A] (verified)
Not integrable
Time = 0.40 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.87

/cos2 (i —|—w~|—x2) "

x2

input Lint (cos(1/4+x+x72)"2/x72,%)

output ‘ int (cos (1/4+x+x~2)"2/x~2,x)

3.28.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

2 (1 2 2 1)\2
/cos (4—;—2x+x)dx:/cos(a: ;Ci-2z+4) e

-

input tintegrate (cos(1/4+x+x72)"2/x"2,x, algorithm="fricas")

—

output Lintegral(cos(x’? +x + 1/4)72/x72, x)

3.28.6 Sympy [N/A]

Not integrable

Time = 0.59 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/cos2 (;11+x+x2) dw_/cosz(ﬁ—kx—i—i) "

x2 x2

input Lintegrate (cos (1/4+x+x**2) **2/x%*2 %)

-/

output LIntegral(cos(x**Q + x + 1/4)*%%2/x%%2, x)

3.98. f cos? (3 +a+a?) dz

x2
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3.28.7 Maxima [N/A]

Not integrable

Time = 0.34 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.73

2 (1 2 2 1)\2
/cos (4:2x+m)dm:/cos(a: ;}—zm—|—4) "

inputLintegrate(cos(1/4+x+x‘2)‘2/x‘2,x, algorithm="maxima") J

-

outputt1/2*(x*integrate(cos(2*x‘2 + 2xx + 1/2)/x72, x) - 1)/x

e—

3.28.8 Giac [N/A]

Not integrable

Time = 0.41 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

2 T2

/cos2 (;11+x+x2) dx_/cos(alcz—i-gv—i—i)2 "

input‘integrate(cos(1/4+x+x”2)‘2/x”2,x, algorithm="giac")

output Lintegrate(cos(x'? +x + 1/4)72/x72, x) J

3.28.9 Mupad [N/A]

Not integrable

Time = 13.31 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

2 (1 2 2 1)\2
/cos (4—;—2x+x)dx:/cos(a: ;Ci-2z+4) i

input Lint(cos(x + x72 + 1/4)72/x72,%) J

output Lint(cos(x + x72 + 1/4)72/x72, x) J

3.98. f cos? (3 +a+a?) dz

x2
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3.29 [(d + ex)?cos (a + bx + cx?) dx
3.29.1 Optimalresult . . . . . . .. . ... .. 186
3.29.2 Mathematica [A] (verified) . . . . . . . ... ... Lo o 187
3.29.3 Rubi [A] (verified) . . . . . . .. .. 187
3.29.4 Maple [A] (verified) . . . ... . ... ... 190
3.29.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. [191]
3.29.6 Sympy [F] . . . . . . 197
3.29.7 Maxima [C] (verification not implemented) . . . . . . . .. ... ... ... .. 1911
3.29.8 Giac [C] (verification not implemented) . . . .. .. ... ... ....... 192
3.29.9 Mupad [F(-1)] . . . . o o 193
3.29.1 Optimal result
Integrand size = 19, antiderivative size = 285
(2cd — be)?, /5 cos (a, - Z—2> FresnelC < btder )
2 2 _ c Vevar
/(d-l—ea:) cos (a+ bz + cz?) dz = 157
™ 2 CT
- e?/% cos (a - Z—C) FresnelS (\%’%)
2¢3/2
e*/% FresnelC (%) sin (a - %)
B 2c3/2
~ (2cd — be)? /% FresnelS <5Jg—\2/c2%> sin (a — ZT:)
4052
e(2cd — be) sin (a + bz + cx?)
+ 2
4c
e(d + ex) sin (a + bx + cx?)
+ 2c

1/4%ex (-b*e+2xc*d) *sin (cxx~2+b*x+a) /c~2+1/2*ex (e*x+d) *sin (c*kx~2+b*x+a) /c+1
/8% (~b*e+2xc*d) “2xcos (a-1/4*%b"2/c) #*FresnelC(1/2* (2xc*x+b) /c~(1/2)*2~(1/2)/
Pi~(1/2))*2~(1/2)*Pi~(1/2)/c~(5/2)-1/4%e"2*cos(a-1/4*b"2/c) *FresnelS (1/2*(
2%cxx+b) /c~(1/2)*27(1/2) /Pi~(1/2))*2~(1/2)*Pi~(1/2) /c~(3/2)-1/4*e"2*Fresne
1C(1/2*%(2xc*x+b) /c~(1/2)*2~(1/2) /Pi~(1/2) ) *sin(a-1/4*xb"2/c)*2~ (1/2)*Pi~(1/
2)/c”(3/2)-1/8*(-b*xe+2*c*d) ~“2*FresnelS (1/2* (2xc*x+b) /c~(1/2)*2~(1/2) /Pi~ (1
/2))*sin(a-1/4%¥b"2/c)*2~(1/2)*Pi~(1/2)/c~(5/2)

329.  [(d+ex)?cos(a+ bz + cz?) dz
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3.29.2 Mathematica [A] (verified)

Time = 0.79 (sec) , antiderivative size = 187, normalized size of antiderivative = 0.66

/(d + ex)? cos (a + bz + cz?) dz

/2 FresnelC <3J£\2/c21ﬂ) <(—20d + be)? cos (a — %) — 2ce? sin (a — %)) — /2 FresnelS <\12\2/c2%> (2062
- 8cd/2

p

inputLIntegrate[(d + e*xx) "2%Cos[a + b*x + c*x72],x]

~—

output | (Sqrt [2*Pi]*FresnelC[(b + 2*c#*x)/(Sqrt[c]*Sqrt[2*xPi])]*((-2*%c*d + b*e) ~"2*C
os[a - b"2/(4*c)] - 2*cxe"2*Sin[a - b~2/(4*c)]) - Sqrt[2#Pi]*FresnelS[(b +
2%c*x) / (Sqrt [c]*Sqrt [2*Pi] )] *(2*c*e~2*Cos[a - b~2/(4*c)] + (-2*c*d + bxe)
~2+Sin[a - b72/(4xc)]) + 2*xSqrt[cl*e*x(4*c*xd - bxe + 2xckexx)*Sin[a + x*(b
+ cxx)])/(8%c~(56/2))

3.29.3 Rubi [A] (verified)

Time = 0.77 (sec) , antiderivative size = 282, normalized size of antiderivative = 0.99,
number of steps used = 8, number of rules used = 8, Lumber of rules _ 0.421, Rules used

integrand size
= {3945, 3928, 3832, 3833, 3943, 3929, 3832, 3833}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ez)? cos (a + bz + cz?) dz

| 3945
(2cd — be) [(d + ex) cos (cx? + bz + a) dz  €? [sin (cz® + br + a) dz N

2c 2c
e(d + ex) sin (a + bz + cz?)
2c
l 3928
e? (sin (a — Z—i) | cos (W) dx + cos (a — Z—i) [ sin (%) dm) .
2c
(2cd — be) [(d + ex) cos (cz® + bz + a) dz  e(d + ex)sin (a + bz + cz?)
2c + 2c
l 3832

329.  [(d+ex)?cos(a+ bz + cz?) dz
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z 2 CcT
e? <sin (a—12) J cos (2207 gy 4 V5 eos(a-52) Fresnels(;gjﬂ)>
4c

4c Ve
- +
2c
(2cd — be) [(d + ex) cos (cz® + bz +a) dz  e(d + ex)sin (a + bz + cz?)
2c + 2c
| 3833
(2¢d — be) [(d + ex) cos (cz? + bz + a) dz
2c
62 \/gsin (a—i—i) F‘resnelC(%j‘%) n ﬁcos (a—%) F‘resnelS(\b/;?/‘%)
Ve Ve e(d + ex) sin (a + bz + cz?)
+
2c 2c
| 3943
2cd—b 2+, d in (a+b: 2
(2¢d — be) (( c e)fcosz(ccx +bz+a)de Les (a-;cac+cx )) )
2c
62 \/gsin (a—i—i) FresnelC ( 522/62%) + 5 cos (a— Z—i) FresnelS ( 5‘2%)
\/E \/E . 2
e(d + ex)sin (a + bz + cz?)
+
2c 2c
| 3929
cx)? . . cx)2
(QCd 3 be) ((2cdbe) (cos(a—%) fcos<(b+ic ) 22dx—sm(a—i) fsln<(b+—ic—) )dz) 4 esin(a—;l;x+cw2))
2c n
9 5 sin (a—i—i) FresnelC ( %\2/‘%) \/gcos (a— %) FresnelS ( \%\2/%)
¢ Ve + Ve . )
e(d + ex)sin (a + bz + cz?)
+
2c 2c
| 3832
T sin( a— b2 esne bt2cz
(2cd—be) (cos(a—i) fcos((b+izz)2)dm_ \/; ( R) \F/‘ra ls(ﬁm)> | 2
(2Cd _ be) = + esm(a-;l;z—i—cz )
2c
9 5 sin <a—i—2c) FresnelC ( \b/—g\z/%) \/gcos (a— %) FresnelS ( \b/-g\z/%)
¢ Ve t Ve . )
e(d + ex)sin (a + bz + cz?)
+
2c 2c
| 3833

329.  [(d+ex)?cos(a+ bz + cz?) dz



CHAPTER 3. LISTING OF INTEGRALS

b+2cx T o b2 b+2cx
G 27.-) 3 V5 sm(a—E> FresnelS(\/E P

ﬁ

(2cd—be) ( \/gcos (a_ %) FresnelC (

/e

/e

(2cd — be) 5o

) esin (a+bm+cm2)
+ 2c

2c

\/g cos (a— %) FresnelS ( \b/%'?/‘%

o2 < \/gsin (a— Z—Zc) FresnelC ( 5%—\2;2%) +

Ve

e

)
N e(d+ ex) sin (a + bz + cz?)

2c

2c

rule 3833

rule 3928

inputLInt[(d + exx) "2*%Cos[a + b*x + c*xx~2],x]

-

output | -1/2x (e~ 2% ((Sqrt [Pi/2]*Cos[a - b~2/(4*c)]*FresnelS[(b + 2*c*x)/(Sqrt[cl*Sq
rt[2%Pi])]) /Sqrt[c] + (Sqrt[Pi/2]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt[2*Pi]
)JI1xSin[a - b~2/(4%c)])/Sqrtlcl))/c + (ex(d + exx)*Sin[a + bxx + c*x~2])/(2
xc) + ((2*%cxd - b*e)*(((2*c*d - bxe)*((Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*Fresn
elC[(b + 2xc*x)/(Sart[cl*Sqrt[2*Pi])])/Sqrt[c] - (Sqrt[Pi/2]*FresnelS[(b +
2%c*x)/(Sqrt [c]*Sqrt [2*¥Pi]l)]1*Sin[a - b~2/(4%c)])/Sqrtlcl))/(2*c) + (e*Sin
[a + b*x + c*x"2])/(2%c)))/(2%c)

3.29.3.1 Defintions of rubi rules used

rule 3832 /Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol]l :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 21))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 21*(e + f*x)1, x] /; FreeQ[{d, e, f}, x]

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[Cos[(b~2 - 4%

axc)/(4*c)] Int[Sin[(b + 2%c*x)~2/(4*c)],
/ (4xc)] Int[Cos[(b + 2*c*x)~2/(4*c)], x],
Q[b~2 - 4x*axc, 0]

x], x] - Simp[Sin[(b~2 - 4*ax*c)
x] /; FreeQ[{a, b, c}, x] && Ne

rule 3929 Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2],
axc)/(4xc)] Int[Cos[(b + 2%c*xx)~2/(4%c)],
/ (4xc)] Int[Sin[(b + 2%c*x)~2/(4*c)], x],

Q[b~2 - 4*axc, 0]

x_Symbol] :> Simp[Cos[(b~2 - 4x*
x], x] + Simp[Sin[(b~2 - 4*ax*c)
x] /; FreeQ[{a, b, c}, x] && Ne

329.  [(d+ex)?cos(a+ bz + cz?) dz
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rule 3943

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]1*((d_.) + (e_.)*(x_)), x_Symboll
:> Simp[e*(Sin[a + b*x + c*x72]/(2%c)), x] + Simp[(2*c*d - b*e)/(2%xc) Int
[Cos[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
*e, 0]

rule 3945

x]) /; FreeQ[{a, b, c, d, e}, x] && NeQ[bkxe - 2%c*d, 0] && GtQ[m, 1]

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[e*(d + e*x)"(m - 1)*(Sin[a + b*x + c*x~2]/(2*c)), x] + (-Simpl[
(bxe - 2xc*xd)/(2%c) Int[(d + exx)"(m - 1)*Cos[a + b*x + c*xx~2], x], x] -
Simp[e~2*((m - 1)/(2%c)) Int[(d + exx)"(m - 2)*Sin[a + b*x + c*x~2], x],

3.29.4 Maple [A] (verified)

Time = 2.38 (sec) , antiderivative size = 396, normalized size of antiderivative = 1.39

method | result

b2 —ac V2 cm+b b2 _ac V2 cz+b
(w0 ()

€ 2¢ - 3

e2zsin(cx?+br+a) _

default

2c 2c

2Vic

i(4ac—b2 i(4ac—b2 i(4ac—b2

risch ic 16v/ic c2 8v/icc

parts Expression too large to display

erf(\/?cz—l— ib )\/Edze_ 4c " e? erf(\/?ca:—l—zi—\/bﬁ)ﬁbze_ 4c _ ie? erf(ﬁx+2i—\}’%)ﬁe_ 4c

inputt

int ((exx+d) “2*cos (c*x~2+b*x+a) ,x,method=_RETURNVERBOSE) J

-

output

1/2xe”2/c*xx*sin (c*x"2+b*x+a)-1/2*xe”2*b/c* (1/2*sin (c*x~2+b*x+a) /c-1/4*b/c" (
3/2)%27(1/2)*Pi~(1/2)*(cos ((1/4%b"2-a*c) /c)*FresnelC(2"(1/2) /Pi~(1/2)/c~ (1
/2) *(c*x+1/2%b) ) +sin((1/4*b~2-a*c) /c) *FresnelS(2~(1/2) /Pi~(1/2) /c~(1/2)*(c
*x+1/2%b))))-1/4*%e~2/c”(3/2)*2~ (1/2)*Pi~(1/2)*(cos ((1/4*b~2-a*c) /c) *Fresne
18(27(1/2)/Pi~(1/2) /c~(1/2) *(c*x+1/2*b) ) -sin((1/4*b"2-a*xc) /c) *FresnelC (2~ (
1/2)/Pi~(1/2)/c~(1/2) *(c*x+1/2%b)) ) +d*e/c*sin(c*x~2+b*x+a) -1/2*d*exb/c~(3/
2)*27(1/2)*Pi~ (1/2)*(cos ((1/4*b~2-a*c) /c) *FresnelC(2"(1/2)/Pi~(1/2)/c~(1/2
Yk (c*x+1/2%b) )+sin((1/4%b"2-a*c)/c) *FresnelS(27(1/2) /Pi~(1/2) /c~(1/2) *(c*x
+1/2xb)))+1/2%2~(1/2)*Pi~(1/2) /c~ (1/2)*d"2* (cos ((1/4*b~2-a*c) /c) *FresnelC(
2°(1/2)/Pi~(1/2) /c”(1/2) * (c*x+1/2%b) )+sin((1/4*b"2-a*c) /c) *FresnelS (2~ (1/2
)/Pi~(1/2)/c~(1/2)*(c*x+1/2%b)))

329.  [(d+ex)?cos(a+ bz + cz?) dz
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3.29.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 230, normalized size of antiderivative = 0.81

/(d + ex)? cos (a + bz + cz?) dr =

\/§<2 mee? sin (—bQZ—‘i“C> — (4 c*d? — 4bcde + b?e?) cos < 4‘“)) VEC (f(%ﬁb)[) \/§<2 T

;
input  integrate((e*x+d) “2*cos(c*x~2+b*x+a) ,x, algorithm="fricas")

output | -1/8*(sqrt (2) * (2*pi*c*e~2xsin(-1/4*(b"2 - 4xa*c)/c) - pix(4*c™2*%d"2 - 4x*bx*
cxdxe + b"2xe~2)*cos(-1/4x(b~2 - 4*axc)/c))*sqrt(c/pi)*fresnel_cos(1/2*sqr

t(2)*(2%cxx + b)*sqrt(c/pi)/c) + sqrt(2)*(2xpikcxe~2*cos(-1/4x(b"2 - 4*a*c
)/c) + pi*(4*c”2*%d"2 - 4xbxcxd*e + b~2%e”2)*sin(-1/4*(b"2 - 4¥a*c)/c))*sqr
t(c/pi)*fresnel_sin(1/2*sqrt(2)*(2*c*x + b)*sqrt(c/pi)/c) - 2x(2xc™2xe”2*x
+ 4*xc”2*dxe - b*cxe”2)*sin(cxx”2 + b*x + a))/c”3

3.29.6 Sympy [F]

/(d + ex)? cos (a + bz + cz?) dz = / (d + ex)? cos (a+ bz + cz?) d

input ‘ integrate ((e*x+d) **2*cos (ckx**2+b*x+a) ,x) ‘

| —

p
outputLIntegral((d + exx)**2*cos(a + b*x + ckxx**2), x)

3.29.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.34 (sec) , antiderivative size = 2271, normalized size of antiderivative = 7.97

/ (d + ex)* cos (a+bz+ c:v2) dz = Too large to display

329.  [(d+ex)?cos(a+ bz + cz?) dz
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input‘integrate((e*x+d)“2*cos(c*x”2+b*x+a),x, algorithm="maxima") ‘

output | -1/8*sqrt(2)*sqrt (pi)*(((I - 1)*cos(-1/4x(b"2 - 4*a*c)/c) + (I + 1)*sin(-1
/4% (b~2 - 4xaxc)/c))*xerf (1/2*%(2xI*xc*x + Ixb)/sqrt(I*c)) + ((I + 1)*cos(-1/
4x(b~2 - 4*axc)/c) + (I - 1)*sin(-1/4*(b"2 - 4*a*c)/c))*erf (1/2*(2*xI*c*x +
I*b)/sqrt(-I*c)))*d~2/sqrt(c) + 1/8%(((I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*s
qrt ((4xI*c™2*x"2 + 4xI*bxc*x + I*b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)=*
(erf (1/2*sqrt (-(4*I*c~2*x"2 + 4*xI*xb*cxx + I*b~2)/c)) - 1))*b~2*cos(-1/4*(b
"2 - 4xaxc)/c) + ((I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt((4*I*c™2xx"2 + 4%
Ixbxcxx + I*b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt (-(4*Ixc
"2%x"2 + 4xIxbkckx + I*¥b72)/c)) - 1))*b"2*sin(-1/4%(b"2 - 4*a*xc)/c) - 2x((
—(I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt((4*I*c”2%x"2 + 4*I*b*c*x + I*b~2)/
c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt(-(4*I*c™2+x"2 + 4*I*bkck
x + Ixb~2)/c)) - 1))*b*cxcos(-1/4*(b"2 - 4xa*c)/c) + (-(I + 1)*sqrt(2)*sqr
t(pi)*(erf (1/2*sqrt ((4*Ixc™2*x"2 + 4*xIxb*cxx + I*¥b"2)/c)) - 1) + (I - 1)*s
qrt (2) *sqrt (pi) * (erf (1/2xsqrt (- (4*Ixc™2*xx"2 + 4*xIxb*cxx + I*b~2)/c)) - 1))
*bkxcksin(-1/4%(b~2 - 4xaxc)/c))*x - 4*x(c*x(I*e” (1/4*(4*I*c™2*x"2 + 4xIxbkck
x + I*b~2)/c) - Ixe”(-1/4%(4*I*c™2xx"2 + 4*Ixbxc*x + Ixb~2)/c))*cos(-1/4%*(
b2 - 4xaxc)/c) - ck(e”(1/4*(4xIxc™2%x"2 + 4*I*bxcxx + I*b~2)/c) + e~ (-1/4
* (4*%I*C™2%x72 + 4*I*b*c*x + I*b~2)/c))*sin(-1/4*(b~2 - 4xaxc)/c))*sqrt((4x*
CT2%X"2 + 4xbxcxx + b~2)/c))*dxe/(c”2xsqrt ((4*xc™2*x"2 + 4xbkc*x + b~2)/c))
+ 1/32% (8% (((-(I - 1)#*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt ((4*I*c™2*x"2 + 4x*. ..

3.29.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.35 (sec) , antiderivative size = 289, normalized size of antiderivative = 1.01

/(d + ex)? cos (a + bz + cz?) dr =

) _ib2—diac
ﬁﬁ(—4i62d2+4ib0de_i6262+2062)(irfs—1511j/ﬁ<2z+2> <ﬁ+l> \/H)e( T) + 2 (ce2 (21' + lg’) + 4 cde — 2 be2)1
m C
B 16 ¢2
i 2d?—4i i b2e2 2 1, b ie <_Lb24#)
P e )Erfgfif\(/z;rc) (ti) v —2i (ce?(22 4 %) + 4 cde — 2be?)
_ ) c
16 ¢2

input‘integrate((e*x+d)“2*cos(c*x“2+b*x+a),x, algorithm="giac")

329.  [(d+ex)?cos(a+ bz + cz?) dz
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output | -1/16*(sqrt (2) *sqrt (pi) * (-4*I*c~2*%d"2 + 4*I*bkckd*e - I*b"2%e”2 + 2%c*e”2)
xerf (-1/4*Ixsqrt(2)*(2*x + b/c)*(Ixc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4x(I*
b~2 - 4xI*axc)/c)/((Ixc/abs(c) + 1)*sqrt(abs(c))) + 2*Ix(cxe”2x(2*x + b/c)
+ 4*xcxd*e — 2xb*e”2)*xe” (I*kcxx"2 + Ixb*x + I*a))/c”2 - 1/16*(sqrt(2)*sqrt(
pi)*(4*I*c~2%d"2 - 4xIxb*ckd*e + I*b~2xe”2 + 2xc*xe”2)*erf (1/4*I*sqrt(2)*(2
*x + b/c)*(-I*c/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4*(-I*b~2 + 4xI*a*c)/c)/((
-Ixc/abs(c) + 1)*sqrt(abs(c))) - 2xI*x(cxe”2%(2%x + b/c) + 4*ckdxe — 2%bke~
2)*e~ (-I*c*x~2 — Ixb*x - I*a))/c~2

3.29.9 Mupad [F(-1)]

Timed out.

/(d+e:v)zcos (a+ bz + cz?) dzz/cos (cz® +bz +a) (d+ex)’dx

input  int(cos(a + b*x + c*x~2)*(d + e*x)~2,x)

N

output‘int(cos(a + b*x + cxx"2)*(d + e*x)”"2, x)

329.  [(d+ex)?cos(a+ bz + cz?) dz
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3.30 [(d + ex) cos (a + bz + cz?) dzx

3.30.1 Optimal result . . . . . . ... ... . 194
3.30.2 Mathematica [A] (verified) . . . . . .. ... .. .. L oo 194
3.30.3 Rubi [A] (verified) . . . . ... . . . ... 1951
3.30.4 Maple [A] (verified) . . . . .. . .. ... 197
3.30.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. 197
3.30.6 Sympy [F] . . . . . . 198
3.30.7 Maxima [C] (verification not implemented) . . . . . . .. ... ... ... .. 198
3.30.8 Giac [C] (verification not implemented) . . . ... ... ... ........ 199
3.30.9 Mupad [F(-1)] . . . . o 200

3.30.1 Optimal result

Integrand size = 17, antiderivative size = 140

(2cd — be) /% cos (a — Z—Z) FresnelC ( %\2/;%)

/(d—l—ex) cos (a + bz + cz?) dz =

2c3/2
(2cd — be) /7 FresnelS <\l7€5\2/c2%) sin (a — %)
B 0c3/2
esin (a + bz + cz?)

2c

output ‘ 1/2%exsin(cxx™2+b*x+a) /c+1/4* (-b*e+2*c*d) *cos (a-1/4*b~2/c) *FresnelC(1/2*(2 ‘
| kcxx+b) /e (1/2)%27(1/2) /Pi™(1/2)) %27 (1/2)%Pi~(1/2) /c™ (3/2)-1/4x (-bxe+2xc*d
‘)*FresnelS(1/2*(2*c*x+b)/C“(1/2)*2“(1/2)/Pi“(1/2))*sin(a-1/4*b“2/c)*2“(1/2
‘)*Pi“(l/2)/c“(3/2) ‘

3.30.2 Mathematica [A] (verified)

Time = 0.44 (sec) , antiderivative size = 129, normalized size of antiderivative = 0.92

/(d + ex) cos (a + br + cz®) dz

(2cd — be)v/2m cos <a — Z—i) FresnelC (?gj‘%) — (2cd — be)v/27 FresnelS <\’70f2¢2fr> sin (a — %Z) + 24/ces
4c3/?

ﬁ

3.30.  [(d+ex)cos(a+ bz + cz?) dx
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input‘ Integrate[(d + exx)*Cos[a + bxx + c*x~2],x] ‘

output (((2*c*d - bxe)*Sqrt [2+#Pi] *Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]
‘ *Sqrt [2#Pi])] - (2%c*d - bxe)*Sqrt[2+#Pi]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqr
‘ t[2#Pi])]*Sin[a - b~2/(4*c)] + 2xSqrt[c]l*exSinf[a + x*(b + c*x)])/(4*c~(3/2
R

|

3.30.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 134, normalized size of antiderivative = 0.96,
number of steps used = 4, number of rules used = 4, Bumber of rules _ 935 Ry jes yged

integrand size
= {3943, 3929, 3832, 3833}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex) cos (a + bz + cz?) dz

l 3043
(2cd — be) [ cos (ca® + bz +a)dz  esin (a + bz + cz?)
2c + 2c
l 3929
(2cd — be) <c0s (a — Z—i) | cos (W) dr — sin <a _ ch) [sin (W) d;v) X
2
esin (a +wa + cz?)
2c
l 3832
T sin _ﬁ n b+2cz
(2cd — be) <cos (a_ %) [ cos (@) i VEen(e )\F; els(f-;m)>
+
2c
esin (a + bz + cz?)
2c
l 3833
ve Ve esin (a + bz + cz?)
2c + 2c

3.30.  [(d+ex)cos(a+ bz + cz?) dx



input

output

rule 3832

rule 3833

rule 3929

rule 3943
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‘Int[(d + exx)*Cos[a + b*x + c*xx~2],x]

‘/((2*c*d - bxe)*((Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrt[
‘ cl*Sqrt [2*Pi])])/Sqrtlc] - (Sqrt[Pi/2]*FresnelS[(b + 2*c*x)/(Sqrtlc]l*Sqrt(
‘ 2xPi])]*Sin[a - b~2/(4*c)])/Sqrtlcl))/(2xc) + (exSin[a + b*x + c*x~2])/(2*
E

|

3.30.3.1 Defintions of rubi rules used

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 21))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Int[Cos[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[Cos[(b~2 - 4%
axc)/(4xc)] Int[Cos[(b + 2*c*x)~2/(4*c)], x], x] + Simp[Sin[(b~2 - 4*axc)
/ (4xc)] Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && Ne
Q[b~2 - 4*axc, 0]

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symboll
:> Simp[e*(Sinf[a + b*x + c*x72]/(2*c)), x] + Simp[(2*c*d - b*e)/(2*c) Int
[Cos[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b
*xe, 0]

N\

3.30.  [(d+ex)cos(a+ bz + cz?) dx
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3.30.4 Maple [A] (verified)

Time = 0.75 (sec) , antiderivative size = 182, normalized size of antiderivative = 1.30

method | result
b2 —ac cz+§ b2 —ac cx+} b
ebv/2 /7 | cos TC C \/E\(f }2) +sin Tc S \/E\S» }7) V2/md| cos
defaul esin(caz?+br+a) Tve Tve
etfault 5 - = +
4c2
) i 4ac—b2 ) i 4ac—b2 )
isch erf(\/fcx—l—z\‘/bﬁ)ﬁde* 4c eerf(\/Ew—l—z\‘/bE)\/Trbe* 4c erf(—\/—icw—i—%/’%.c)\/%de ic
risc 4v/ic o 8vicce - 4v/—ic
bz —ac V2 (C$+%) b2 —ac \/E (cz-{-%) b2 —ac
V2 /7 cos TC C Jrde ex V2 /7 sin TC S NIV er V2/7 cos| &
parts NG + NG +

inputLint((e*x+d)*cos(c*x“2+b*x+a),x,method=_RETURNVERBOSE)

output | 1/2*exsin(c*x”~2+b*x+a) /c-1/4*exb/c~(3/2)*27(1/2)*Pi~ (1/2)*(cos ((1/4*b~2-ax*
c)/c)*FresnelC(27(1/2) /Pi~(1/2)/c~(1/2)*(c*x+1/2%b) ) +sin((1/4*b"2-a*xc) /c)*
FresnelS(2~(1/2)/Pi~(1/2)/c”(1/2) *(cxx+1/2xb)))+1/2*2~(1/2)*Pi~(1/2) /c~(1/
2) *d* (cos ((1/4*b~2-ax*c) /c) *FresnelC(2~(1/2) /Pi~(1/2)/c” (1/2) * (c*x+1/2%Db) ) +
sin((1/4*xb~2-ax*c) /c) *FresnelS(2~(1/2)/Pi~(1/2)/c”(1/2) *(c*x+1/2%*b)))

3.30.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.97

/(d + ex) cos (a + br + cz?) dz

V27 (2cd — be) /< cos _bt—dac) ﬁ(zcﬁb)\/% —V27(2¢cd — be) /S M sin
T 4c 2¢c T 2¢c

4 c?

inputtintegrate((e*x+d)*cos(c*x“2+b*x+a),x, algorithm="fricas")

3.30.  [(d+ex)cos(a+ bz + cz?) dx
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Output‘1/4*(sqrt(2)*pi*(2*c*d - bxe)*sqrt(c/pi)*cos(-1/4%(b"2 - 4*axc)/c)*fresnel
‘_cos(1/2*sqrt(2)*(2*c*x + b)*sqrt(c/pi)/c) - sqrt(2)*pi*(2*c*d - bx*e)*sqrt
‘(c/pi)*fresnel_sin(1/2*sqrt(2)*(2*c*x + b)*sqrt(c/pi)/c)*sin(-1/4*x(b"2 - 4
‘*a*c)/c) + 2%c*e*sin(c*x”2 + b*x + a))/c”2 ‘

3.30.6 Sympy [F]

/(d+em)cos (a+ bz + cz?) dx=/(d+em)cos (a+ bz + cz®) dz

inputLintegrate((e*x+d)*cos(c*x**2+b*x+a),X) J

output Integral((d + exx)*cos(a + bxx + ckx**2), X) |

3.30.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.59 (sec) , antiderivative size = 695, normalized size of antiderivative = 4.96

/(d—l— ez) cos (a + bz + cz?) dz =
_ﬁﬁ(((z —1) cos (—bﬁ—‘é“c> + (¢ +1) sin <—b21%3>> erf <%’> + ((z +1) cos (—1’22—%}“C> + (3
8/
(((z ~1) \/ﬁ\/Tr(erf <% \/4ic2m2+tibcac+ib2) _ 1) —(i+1) ﬁﬁ(erf (% \/_4ic2w2+40ibcz+ib2) _ 1:

+

inputLintegrate((e*x+d)*cos(c*x“2+b*x+a),x, algorithm="maxima")

-/

3.30.  [(d+ex)cos(a+ bz + cz?) dx



output

N\
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-1/8*sqrt (2) *sqrt (pi)*(((I - 1)*cos(-1/4%(b~2 - 4xaxc)/c) + (I + 1)*sin(-1
/4% (b~2 - 4xaxc)/c))*erf (1/2%(2+I*ckx + I*b)/sqrt(I*c)) + ((I + 1)*cos(-1/
4x(b~2 - 4*axc)/c) + (I - 1)*sin(-1/4*(b~2 - 4*axc)/c))*erf(1/2*(2xI*c*x +
I*b)/sqrt(-I*c)))*d/sqrt(c) + 1/16%(((I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sq
rt ((4*I*c™2*%x~2 + 4*Ixb*cxx + Ix*b"2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(
erf (1/2*sqrt (- (4xI*c™2%x"2 + 4xI*bxc*x + I*b~2)/c)) - 1))*b~2*xcos(-1/4*(b~
2 - 4xa*xc)/c) + ((I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt((4*I*xc™2xx"2 + 4x*I
xbxc*kx + I*¥b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt(-(4*I*c”
2%x"2 + 4*xI*bkckx + I*b~2)/c)) - 1))*b~2*sin(-1/4*(b"2 - 4*a*c)/c) - 2*((-
(I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt((4*I*c"2*xx"2 + 4xIxb*c*x + I*b~2)/c
)) = 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf (1/2xsqrt(-(4*I*c™2+x"2 + 4*Ixbxckx
+ I*¥b~2)/c)) - 1))*bkcxcos(-1/4%(b"2 - 4xaxc)/c) + (-(I + 1)*sqrt(2)*sqrt
(pi)*(erf (1/2*sqrt ((4*I*c™2%x~2 + 4*xI*bkckx + I*b~2)/c)) - 1) + (I - 1)*sq
rt(2)*sqrt (pi) *(erf (1/2*sqrt (- (4*xI*c”"2*x"2 + 4xI*b*c*x + I*b~2)/c)) - 1))*
b*c*sin(-1/4*(b~2 - 4*axc)/c))*x - 4x(cx(I*xe” (1/4*(4*Ixc™2%x"2 + 4*I*b*c*x
+ I*b72)/c) - I*e”(-1/4*%(4*I*c~2*x"2 + 4xI*b*c*x + I*b~2)/c))*cos(-1/4*(b
"2 - 4xaxc)/c) - cx(e”(1/4*(4*I*c~2*%x"2 + 4*xI*bkckx + I*b~2)/c) + e~ (-1/4x%
(4*I*c™2%x"2 + 4xIxb*c*x + I*b~2)/c))*sin(-1/4%(b"2 - 4*axc)/c))*sqrt((4*c
“2%x72 + 4xb*c*x + b~2)/c))*e/(c"2xsqrt ((4*c”2%x"2 + 4xb*c*x + b~2)/c))

3.30.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.33 (sec) , antiderivative size = 199, normalized size of antiderivative = 1.42

/(d + ex) cos (a + br + cz?) dz

ib%—diac
ﬂﬁ(%cd—ibe)erf(—%if(&c—i—k)(chl—f-l)\/H>e<_ e )  liea? i bori
<1C+1)m — 9% ee(zcz +1 x—f-za)
. fel ¢
B 8c ,
_ —ib“+4iac
V2y/m(— 2zcd+zbe)erf(% (( ))Eml—i_l)\/»)e( Zc ) +2iee(_icx2_ibx_ia)

+ 8c

input

;
integrate((e*xx+d)*cos (c*x~2+b*x+a) ,x, algorithm="giac")

3.30.  [(d+ex)cos(a+ bz + cz?) dx
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output | 1/8+(sqrt (2) *sqrt (pi)*(2*I*c*xd - I*xb*e)*erf (-1/4*Ixsqrt(2)*(2*x + b/c)*(I*
c/abs(c) + 1)x*sqrt(abs(c)))*e”(-1/4*%(I*¥b"2 - 4xIxa*c)/c)/((I*c/abs(c) + 1)
xsqrt(abs(c))) - 2xIkexe” (I*kc*xx~2 + Ixb*x + I*a))/c + 1/8%(sqrt(2)*sqrt(pi
)*(-2%Ixc*d + I*bxe)*erf (1/4*I*sqrt(2)*(2*x + b/c)*(-I*xc/abs(c) + 1)*sqrt(
abs(c)))*e” (-1/4x(-Ixb~2 + 4*xIxa*xc)/c)/((-I*c/abs(c) + 1)*sqrt(abs(c))) +
2xI*xe*xe” (-I*c*x~2 - Ixbxx - I*a))/c

3.30.9 Mupad [F(-1)]

Timed out.

/(d—!—ew)cos (a+ bz + cz?) dxz/cos (cx®+br+a) (d+ex) dx

inputtint(cos(a + bxx + cxx"2)*(d + e*xx),x)

~—

Output‘int(cos(a + bxx + cxx"2)*(d + e*x), x)

3.30.  [(d+ex)cos(a+ bz + cz?) dx
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331 [l g

3.31.1 Optimalresult . . .. .. .. . .. . .
3.31.2 Mathematica [N/A] . . . . . . . . .
3.31.3 Rubi [N/A] . . o oot e oo
3.31.4 Maple [N/A] (verified) . . . . . . ... .. L
3.31.5 Fricas [N/A] . . . . .
3.31.6 Sympy [N/A] . . . o
3.31.7 Maxima [N/A] . . . . . .
3.31.8 Giac [N/A] . . . . o
3.31.9 Mupad [N/A] . . . o

3.31.1 Optimal result

Integrand size = 19, antiderivative size = 19

2 2
/cos(a+bx+cx)dx:hlt cos(a+bz+cx)x
d+ex d+ex

output LUnintegrable (cos(cxx™2+b*x+a) / (exx+d) ,x)

3.31.2 Mathematica [N/A]

Not integrable

Time = 3.24 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

2 2
/cos(a+bx+cx)dm:/cos(a+bx+cx)dx
d+ex d+ex

input Integrate[Cos[a + b*x + c*x~2]/(d + e*x),x]

N\

output‘ Integrate[Cos[a + b*x + c*x72]/(d + exx), x]

331, [ exlettetes) 4y
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3.31.3 Rubi [N/A]

Not integrable

Time = 0.17 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number
of steps used = 1, number of rules used = 0, Zumber of rules _ , 450 Ryles used = {3951}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ cos (a + bz + cz?)
d+ex

l 3951

/ cos (a + bz + cz?)

d+ex dz

inputLInt [Cos[a + b*x + c*x72]/(d + e*x),x]

-

output L$Aborted

~—/

3.31.3.1 Defintions of rubi rules used

ruk3395l‘Int[Cos[(a_.) + (b_)*(x_) + (c_)*x(x_)"2]1"(n_.)*((d_.) + (e_.)*(x_))"(m_.)
, X_Symbol] :> Unintegrable[(d + e*x) m*Cos[a + b*x + c*x"2]"n, x] /; FreeQ
'[a, b, ¢, d, e, m, 0}, x]

3.31.4 Maple [N/A] (verified)

Not integrable

Time = 0.43 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/cos (cz? + bz + a)
er+d

dz

input ‘ int (cos (c*x~2+b*x+a) / (e*x+d) ,x)

output Lint (cos(c*x~2+b*x+a) / (exx+d) ,x)

331, [ exlettetes) 4y
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3.31.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

2 2
/cos(a—l—bx—l—cx)dx:/cos(cx +bx+a)dx
d+ex er +d

inputLintegrate(cos(c*x“2+b*x+a)/(e*x+d),x, algorithm="fricas")

outputtintegral(cos(c*x‘2 + bxx + a)/(exx + d), x)

3.31.6 Sympy [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

dz

/ cos (a + bx + cz?) / cos (a + bx + cz?)
dr =
d+ex d+ex

p
inputtintegrate(cos(c*x**2+b*x+a)/(e*x+d),X)

e—

p
output LIntegral(cos(a + bxx + cxx**2)/(d + e*x), x)

-/

3.31.7 Maxima [N/A]

Not integrable

Time = 0.38 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

2 2
/cos(a+bx+cx)dw:/cos(cr +b9v—|—a)daC
d+ex ex +d

input Lintegrate (cos(cxx™2+b*x+a)/(exx+d) ,x, algorithm="maxima")

-/

output Lintegrate(cos(c*x‘Q + b*x + a)/(exx + d), x)

331, [ exlettetes) 4y
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3.31.8 Giac [N/A]
Not integrable

Time = 0.35 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

2 2
/cos(a—l—bx—l—cx)dx:/cos(cx +bx+a)dx
d+ex er +d

inputLintegrate(cos(c*x“2+b*x+a)/(e*x+d),x, algorithm="giac")

outputtintegrate(cos(c*x‘2 + bxx + a)/(exx + d), x)

3.31.9 Mupad [N/A]
Not integrable

Time = 13.46 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/cos (a + bz + cz?) /cos (cx’+ bz +a)
dx =
d+ex d+ezx

p
inputtint(cos(a + b*x + c*x”2)/(d + e*x),x)

e—

output | int(cos(a + b*x + c*xx~2)/(d + e*x), x)

)

-/

331, [ exlettetes) 4y
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3.32 [(d + ex)? cos® (a + bz + cz?) dzx

3.32.1 Optimalresult . . .. ... . . . ... ... e 205
3.32.2 Mathematica [A] (verified) . . . . . . . ... ..o Lo 2061
3.32.3 Rubi [A] (verified) . . . . ... .. . ...
3.32.4 Maple [A] (verified) . ... ... ... ... 207
3.32.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 208
3.32.6 Sympy [F] . . . . . 209
3.32.7 Maxima [C] (verification not implemented) . . . . . . .. ... . ... ... .. 2091
3.32.8 Giac [C] (verification not implemented) . . . . ... ... ... ....... 210
3.329 Mupad [F(-1)] . . . . . oo 210

3.32.1 Optimal result

Integrand size = 21, antiderivative size = 291

(d+ex)?

/(d + ex)? cos® (a + br + cz?) dr = o

(2cd — be)?/T cos (2(1 — ’;—Z) FresnelC (”“CZ)

Ve
* 16¢5/2
2 _ b b+2cz
~ e?y/m cos <2a 20) FresnelS ( v ﬁ>
16¢3/2
~ e2/m FresnelC (i’;g;;) sin (2(1 — %)
16¢3/2
(2cd — be)?y/m FresnelS (’i}"ﬁ%) sin <2a - g—i)
- 16¢5/2
e(2cd — be) sin (2a + 2bx + 2cx?)
+
16¢2
N e(d + ex) sin (2a + 2bzx + 2cx?)
8c

1/6% (exx+d) ~3/e+1/16*e* (~bxe+2*c*xd) *sin (2*c*x~2+2*bxx+2%a) /c~2+1/8%e* (exx+
d) *sin (2%c*x"2+2xb*x+2*a) /c+1/16* (-b*e+2*c*d) "2*xcos (2*xa-1/2*b"2/c) *Fresnel
C((2%c*x+b) /c~(1/2)/Pi~(1/2))*Pi~(1/2)/c~(5/2)-1/16*e~2*cos(2*a-1/2%b"2/c)
*FresnelS ((2*xc*x+b) /c~(1/2) /Pi~(1/2))*Pi~(1/2)/c~(3/2)-1/16*e~2*FresnelC((
2xc*x+b) /c~(1/2) /Pi~(1/2))*sin(2*a-1/2xb"2/c)*Pi~(1/2) /c~(3/2)-1/16*(~bxe+
2xc*d) “2xFresnelS((2*c*x+b) /c~(1/2) /Pi~(1/2))*sin(2*a-1/2xb~2/c)*Pi~(1/2)/
c~(5/2)

3.32.  [(d+ ex)?cos® (a+ bz + cx?) dz
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3.32.2 Mathematica [A] (verified)

Time = 0.70 (sec) , antiderivative size = 215, normalized size of antiderivative = 0.74

/(d + ex)? cos® (a + br + cz”) dz

- 34/ FresnelC <b+2“”> ((—2cd + be)? cos <2a - g—i) — ce?sin <2a - g—i)) — 34/7 FresnelS (l\’;%fj;) <ce2 cC

vey'm

e

inputLIntegrate[(d + e*xx) "2%Cos[a + b*x + c*x72]72,x]

~—

output | (3*xSqrt [Pi] #*FresnelC[(b + 2*c#*x)/(Sqrt[c]*Sqrt[Pi])]*((-2*%c*d + b*e) "2*Cos
[2¥a - b™2/(2%c)] - c*xe”2xSin[2*a - b~2/(2%c)]) - 3*Sqrt[Pi]*FresnelS[(b +
2%cxx) / (Sqrt [c]1*Sqrt [Pi])]I* (cxe™2xCos[2*a - b~2/(2%c)] + (-2xc*d + b*e)”2
*Sin[2*a - b72/(2xc)]) + Sqrtlcl*(8*c™2*x*(3%d"2 + 3*kd*exx + e~2%x"2) + 3%
ex(4%ckd - bxe + 2xcxe*x)*Sin[2*(a + x*(b + c*x))]1))/(48%c~(5/2))

3.32.3 Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 291, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Lumber of rules _ 0.095, Rules used

integrand size
= {3949, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)? cos® (a + bz + cz?) da

l 3949

1 1
/ (2(d + ex)? cos (2a + 2bz + 2cz?) + i(d + e:r)2> dz

| 2009
/7 cos (2(1 — g%) (2cd — be)? FresnelC (’\’23;};) /7 sin (2(1 — 3—2) (2cd — be)? FresnelS (1\’753/0;)
16¢5/2 B 16¢5/2 -

2 o3 _ b b+2cx 2 _ b b+2cx

V/me? sin (2a 20) FresnelC <ﬁ\/?r) ~ \/me? cos (2a 20) FresnelS (ﬁﬁ) N
16¢3/2 16¢3/2
e(2cd — be)sin (2a + 2bz + 2cz?)  e(d + ex)sin (2a + 2bz + 2cz?)  (d + ex)?
+ +
16¢? 8¢ 6e

3.32.  [(d+ ex)?cos® (a+ bz + cx?) dz
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input‘Int[(d + e*xx)"2%Cos[a + b*x + c*xx~2]72,x]

output | (d + e*x)~3/(6xe) + ((2*cxd - b*e) 2*Sqrt [Pi]*Cos[2*a - b~2/(2*c)]*Fresnel

CL(b + 2%c*x)/(Sqrtlcl*Sqrt[Pil)]1)/(16%c~(5/2)) - (e~2xSqrt[Pi]*Cos[2*a -

b~2/(2%c)]*FresnelS[(b + 2*c*x)/(Sqrt[c]l*Sqrt[Pil)])/(16%c~(3/2)) - (e~2%S

qrt [Pi]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt[Pi])]*Sin[2*a - b~2/(2%c)])/(16
*c~(3/2)) - ((2%c*d - bxe) "2+Sqrt[Pi]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt [P
i]1)1*8in[2*a - b72/(2%c)])/(16%c~(5/2)) + (ex(2xc*d - b*e)*Sin[2%a + 2xb*x
+ 2%c*x"2])/(16%c™2) + (ex(d + e*x)*Sin[2%a + 2¥bkx + 2%c*x~2])/(8%c)

3.32.3.1 Defintions of rubi rules used

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruk33949‘Int[Cos[(a_.) + (b_)*(x_) + (c_.)*(x_)"2]1 (@ )*((d_.) + (e_.)*(x_))"(m_.),
‘ x_Symbol] :> Int[ExpandTrigReducel[(d + e*x)”"m, Cos[a + b*x + c*x~2]"n, x],
‘ x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

3.32.4 Maple [A] (verified)

Time = 1.39 (sec) , antiderivative size = 378, normalized size of antiderivative = 1.30

method | result
. 7 ( cos 4ac+b2 2cx+b sin 4ac+b2 2cz+b
By e e e T
ez sin (2c z2 +2bz+2a) ¢ 4c2 e2y/x (cos
default o - n _
) i 4ac—b2) ) i(4ac—b2)
. h de 2 42z 223 erf(ﬁﬁl‘-}—%)ﬁﬁd?e_ e2 erf(\/i\/%x-{-%)\/iﬁb?e—T ie2
T1s¢ 2 t2 t e T 16V/ic + 64+/ic c2 -
inputLint((e*x+d)“2*cos(c*x“2+b*x+a)‘2,x,method=_RETURNVERBOSE) J

3.32.  [(d+ ex)?cos® (a+ bz + cx?) dz
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output | 1/8*e~2/cxx*sin (2*c*x~2+2*bxx+2*a) -1/4*e”2xb/c*x (1/4*sin (2*c*x™2+2*b*x+2%a)
/c-1/4%b/c”(3/2)*Pi~ (1/2) *(cos(1/2* (-4*a*c+b~2) /c) *FresnelC((2*xc*x+b)/c~ (1
/2)/Pi~(1/2))+sin(1/2* (-4*a*c+b~2) /c)*FresnelS((2*c*x+b) /c~(1/2) /Pi~(1/2))
))-1/16*%e"2/c~(3/2)*Pi~ (1/2)*(cos(1/2* (-4*a*c+b~2) /c) *FresnelS((2*c*x+b) /c
~(1/2)/Pi~(1/2))-sin(1/2* (-4*a*c+b~2) /c) *FresnelC((2*c*x+b) /c~(1/2) /Pi~(1/
2)))+1/4xd*xe/c*sin (2*cxx”2+2xb*xx+2*a)-1/4*d*e*b/c” (3/2)*Pi~ (1/2) * (cos (1/2*
(-4*axc+b~2) /c) *FresnelC((2*c*x+b)/c~(1/2) /Pi~(1/2))+sin(1/2* (-4*axc+b~2)/
c)*FresnelS ((2*c*x+b) /c~(1/2)/Pi~(1/2)))+1/4*Pi~(1/2)/c~(1/2)*d"2*(cos(1/2
* (-4xa*c+b~2) /c) *FresnelC((2*c*xx+b) /c~(1/2) /Pi~(1/2))+sin(1/2* (-4*a*xc+b~2)
/c)*FresnelS ((2*xc*xx+b) /c~(1/2) /Pi~(1/2)))+1/2*d*e*x~2+1/2%d~2*x+1/6%e~2*x"
3

3.32.5 Fricas [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 257, normalized size of antiderivative = 0.88

/(d + ex)? cos® (a + br + cz?) dz

8§&f+ZM%mW+M§fw+6@38w+4§@—ﬁw%am@ﬁ+ﬁx+®$n@ﬁ+wx+@—3(m

e Y
input  integrate((e*x+d) “2*cos(c*x~2+b*x+a) 2,x, algorithm="fricas")

output | 1/48%(8%c™3%e"2*x"3 + 24*c™3kd¥exx"2 + 24*c”3xd"2%x + 6x(2xc”2xe”2%x + 4xc
“2k%d*e - bxcke~2)*cos(c*x"2 + b*x + a)*sin(c*x”2 + b*x + a) - 3*(pixcke”2*
sin(-1/2%x(b"2 - 4*a*c)/c) - pi*(4*c™2*d"2 - 4*bkxckd*e + b~2%e”"2)*cos(-1/2%
(b™2 - 4xaxc)/c))*sqrt(c/pi)*fresnel_cos((2*c*x + b)*sqrt(c/pi)/c) - 3*(pi
xcke"2%cos(-1/2x(b~2 - 4*axc)/c) + pix(4*c”™2xd"2 - 4xb*cxd*e + b"2xe”2)*si
n(-1/2*(b~2 - 4*axc)/c))*sqrt(c/pi)*fresnel_sin((2*c*x + b)*sqrt(c/pi)/c))
/c”3

3.32.  [(d+ ex)?cos® (a+ bz + cx?) dz
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3.32.6 Sympy [F]

/(d + ex)? cos® (a + br + cz?) dz = / (d+ ex)?cos? (a + bz + cz?) dw

-

inputLintegrate((e*x+d)**2*cos(c*x**2+b*x+a)**2,X)

|

outputLIntegral((d + e*xx)**2xcos(a + bxx + Ckx**2)**2, x)

~—

3.32.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.38 (sec) , antiderivative size = 2360, normalized size of antiderivative = 8.11

/ (d+ ex)? cos® (a + bz + cz®) dz = Too large to display

input | integrate((e*x+d) ~2*cos(c*x~2+b*x+a)~2,x, algorithm="maxima")

output | -1/32% (4~ (1/4)*sqrt(2)*sqrt (pi)*(((I - 1)*cos(-1/2*%(b"2 - 4x*a*c)/c) + (I +
D *sin(-1/2*%(b"2 - 4xaxc)/c))*erf ((2xIxc*x + Ixb)/sqrt(2*I*c)) + ((I + 1)
xcos(-1/2%(b"2 - 4xa*c)/c) + (I - 1)*sin(-1/2%(b~2 - 4*axc)/c))*erf ((2xI*c
*x + I*b)/sqrt(-2*I*c)))*c~(3/2) - 16%c™2*x)*d"2/c”2 + 1/32*sqrt(2)*(((I -
1) *sqrt (2) *sqrt (pi) * (erf (sqrt (1/2) *sqrt ((4*I*c~2*x~2 + 4*Ixb*c*x + Ixb~2)
/c)) = 1) = (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2*x"2 + 4
*I*xbxc*x + I*b~2)/c)) - 1))*b~2*cos(-1/2%(b"2 - 4*axc)/c) + ((I + 1)*sqrt(
2) *sqrt (pi)* (erf (sqrt (1/2) *sqrt ((4*I*c™2%x"2 + 4*I*b*c*x + I*b~2)/c)) - 1)
- (I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt(-(4*xIxc~2*%x"2 + 4*I*b*c*x
+ I*b~2)/c)) - 1))*b"2*sin(-1/2*(b~2 - 4*axc)/c) - 2*%((-(I - 1)*sqrt(2)*sq
rt(pi)*(erf (sqrt (1/2) *sqrt ((4*I*c™2xx"2 + 4xIxb*c*x + Ixb~2)/c)) - 1) + (I
+ 1)*sqrt(2)*sqrt (pi) *(erf (sqrt (1/2) *sqrt (- (4*I*c™2*x"2 + 4*Ixb*c*x + I*b
~2)/c)) - 1))*bxc*cos(-1/2x(b~2 - 4*axc)/c) + (-(I + 1)*sqrt(2)*sqrt(pi)*(
erf (sqrt(1/2)*sqrt ((4*I*xc™2*xx"2 + 4*xI*bkc*xx + I*b~2)/c)) - 1) + (I - 1)*sq
rt(2)*sqrt (pi) *(erf (sqrt (1/2) *sqrt (- (4*I*c~2%x~2 + 4*I*xb*xc*x + I*b~2)/c))
- 1))xb*cxsin(-1/2*% (b2 - 4xa*c)/c))*x + 2*xsqrt(2)*(4*c™2*x"2 - c*(I*xe~(1/
2% (4*Ixc™2%x"2 + 4*I*bkcxx + I*b~2)/c) - Ixe”(-1/2x(4xIxc”2*x"2 + 4*Ixbxc*
x + I*¥b~2)/c))*cos(-1/2%(b"2 - 4*xaxc)/c) + c*x(e”(1/2%(4*Ixc™2xx"2 + 4*Ixb*
cxx + I¥b72)/c) + e”(-1/2x(4*Ixc™2*x"2 + 4*Ixb*c*x + Ixb~2)/c))*sin(-1/2x%(
b™2 - 4xaxc)/c))*sqrt((4*c™2%x"2 + 4xb*c*kx + b~2)/c))*d*e/(c™2*sqrt ((4x*. ..

3.32.  [(d+ ex)?cos® (a+ bz + cx?) dz
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3.32.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.37 (sec) , antiderivative size = 292, normalized size of antiderivative = 1.00

1 1 1
/(d + ex)® cos® (a + bx + cz®) do = 5 e’z + 2 dez?® + 3 d*x

%

V(=44 c?d?+4i bede—i b2 e?+ce?) erf(—%i \ﬁ(Z x+%> (ﬁ+1>)e(7

i(ce?(2z + 2) + 4cde — 2 be?) e(2ica’+2ibat2ia) 4 :

ieae+ ) ) i
32 c?
. o2 i o 7 (44 c2d?—4i bede+i b2e? +ce?) erf(%iﬁ(Zm—i—%) (—%4—1))@(

—i (ce®(2z + &) + 4 cde — 2 be?)e(—2ice®~2ibar—2ia) 4 vl : o

B ( ( c) ) ﬁ(_ﬁ_,_l)
32¢2
inputLintegrate((e*x+d)“2*cos(c*x“2+b*x+a)“2,x, algorithm="giac") J

output | 1/6*xe"2xx~3 + 1/2*d*e*x"2 + 1/2xd"2xx — 1/32*%(I*(c*e 2% (2*x + b/c) + 4*c*d
xe — 2%bxe”2)*e” (2xI*kcxx"2 + 2xI*b*x + 2xI*a) + sqrt(pi)*(-4*Ixc"2xd"2 + 4
xI*xbxckdxe - I*b"2xe”2 + cxe”2)*erf(-1/2xI*sqrt(c)*(2*x + b/c)*(I*c/abs(c)
+ 1))*e”(-1/2x(I*b"2 - 4*I*a*c)/c)/(sqrt(c)*(I*c/abs(c) + 1)))/c"2 - 1/32
*(-I*x(cke™2%(2*x + b/c) + 4*ckd*e - 2*kbke 2)*ke” (-2xI*ckx~2 - 2xIkb*x - 2xI
*a) + sqrt(pi)*(4*I*c~2xd"2 - 4xIxbkckdxe + I*b~2xe”2 + cxe”2)*erf (1/2xIx*s
qrt(c)*(2xx + b/c)*(-Ixc/abs(c) + 1))*e~(-1/2%(-Ixb~2 + 4*Ixaxc)/c)/(sqrt(
c)*(-Ixc/abs(c) + 1)))/c"2

3.32.9 Mupad [F(-1)]

Timed out.

/(al+eac)2cos2 (a+bz+cz?) do = /cos (ca®+bz+a)’ (d+ex)ds

input‘int(cos(a + b*x + c*x”2)"2x(d + e*x)"2,x) ‘

outputtint(cos(a + b*x + c*xx72)72x(d + e*x)"2, x) J

3.32.  [(d+ ex)?cos® (a+ bz + cx?) dz
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3.33 [(d + ex) cos? (a + bx + cx?) dx

3.33.1 Optimal result . . . . .. .. . .. . 211
3.33.2 Mathematica [A] (verified) . . . . . ... ... ... L oo 211
3.33.3 Rubi [A] (verified) . . . . . ... .. 212
3.33.4 Maple [A] (verified) . . . ... . ... ... 213
3.33.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 213
3.33.6 Sympy [F] . . . . . . 214
3.33.7 Maxima [C] (verification not implemented) . . . . . . ... ... ... ... .. 214
3.33.8 Giac [C] (verification not implemented) . . . . ... ... ... ....... 215
3.33.9 Mupad [F(-1)] . . . . o 210

3.33.1 Optimal result

Integrand size = 19, antiderivative size = 150

2 (2cd — be)/m cos (2a — L ) FresnelC ( 222
/(d+ew) cos? (a+bz—|—ca:2) dr = (d + ex) + < ) < f)

4e 8¢3/2
(2cd — be)+/m FresnelS (b+2°””> sin <2a — 12’_26>
B 3c3/2
esin (2a + 2bz + 2cx?)
* 8c

output ‘ 1/4% (exx+d) ~2/e+1/8*e*xsin (2kc*x~2+2%b*x+2%a) /c+1/8* (~b*e+2xc*d) *cos (2*%a-1/ ‘
| 2¥b~2/c) *FresnelC((2*cxx+b) /¢~ (1/2) /Pi™(1/2))*Pi~(1/2)/c” (3/2)-1/8% (-bxe+2
 *c*d) *FresnelS((2xc¥x+b) /c™(1/2) /Pi~(1/2)) *sin(2xa-1/2%b~2/c)*Pi~ (1/2) /¢ (
\3/2) \

3.33.2 Mathematica [A] (verified)

Time = 0.33 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.93

/(d + ex) cos® (a + bz + cz?) dz

(2cd — be)+/m cos <2a - —) FresnelC <b+f;§) — (2cd — be)+/m FresnelS <i’7§;§> sin <2a — g—i) + v/e(2cx(
8c3/2

3.33.  [(d+ex)cos® (a+ bz + cz?) dz
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input‘ Integrate[(d + exx)*Cos[a + bxx + c*x~2]72,x]

output ‘/((2*c*d - bxe)*Sqrt[Pi]l*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*c*x)/(Sqrtl[c]
‘ *Sqrt [Pi])] - (2%cxd - b*e)*Sqrt[Pi]*FresnelS[(b + 2*c#*x)/(Sqrt[c]*Sqrt[Pi
‘1)1#sin[2%a - b™2/(2%c)] + Sqrtlc]*(2kckx*(2+d + exx) + exSin[2x(a + x*(b
L+ c*x))1))/ (8%c™(3/2))

3.33.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Bumber of rules _ 145 Ryles used

integrand size
= {3949, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

|

transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex) cos® (a + bz + cz?) dz
| 3949

/ <;(d + ex) cos (2a + 2bx + 2cx?) + %(d + eaz)> dz

l 2009
\/T cos <2a - 12’—26) (2¢d — be) FresnelC (i’jﬁ%) /7 sin <2a - g—i) (2¢d — be) FresnelS (i’;ﬁ%)
8¢3/2 B 8¢3/2 +
esin (2a + 2bz + 2cz?)  (d + ex)?
+
8¢ 4e

r

input LInt[(d + e*xx)*Cos[a + b*x + c*x~2]72,x]

output‘ (d + e*x)"2/(4%e) + ((2*c*d - b*e)*Sqrt[Pi]*Cos[2*a - b~2/(2*c)]*FresnelC[
‘ (b + 2*%c*x)/(Sqrt[cl*Sqrt[Pi])])/(8*%c~(3/2)) - ((2*c*d - b*e)*Sqrt[Pi]*Fre
‘ snelS[(b + 2*c*x)/(Sqrt[c]l*Sqrt[Pi])]*Sin[2*a - b~2/(2*c)])/(8*c~(3/2)) +
‘ (exSin[2*a + 2*%b¥x + 2*c*xx~2])/(8%c)

3.33.  [(d+ex)cos® (a+ bz + cz?) dz

~—
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3.33.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3949‘Int[Cos[(a_.) + (b_)*(x2) + (c_)*(x_)72]17(n )*((d_.) + (e_.)*(x_))"(m_.), ‘
‘ x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)~m, Cos[a + b*x + c*x~2]°n, x],
‘ x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1] ‘

3.33.4 Maple [A] (verified)

Time = 0.78 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.13

method | result
2 —4ac 2 CcT —4ac: 2 CcT 3

oty | et e _ o (o () (i ron (%) s(E)) el 22 oA

efault o - B + v

8c2
) 7 4ac—b2) ) [ 4ac—b2)

isch o 52 dz erf(ﬁx/i?m—%é%)ﬁﬁde_T eerf(ﬁﬁz+;bﬁ)ﬁﬁbe_ 2c erf(—\/—Zicz—i-:

Tisc =T t3 16v/ic - 32ice - ¢
inputLint((e*x+d)*cos(c*x‘2+b*x+a)“2,x,method=_RETURNVERBOSE) J

output | 1/8*e*xsin (2*c*x”2+2*b*x+2%*a) /c-1/8*exb/c”~(3/2)*Pi~ (1/2) * (cos (1/2* (-4*axc+b
~2)/c)*FresnelC((2*c*x+b) /c~(1/2)/Pi~(1/2))+sin(1/2% (-4*a*c+b~2)/c)*Fresne
1S ((2*c*x+b) /c~(1/2) /Pi~(1/2)))+1/4¥Pi~(1/2) /c”~(1/2) *d* (cos (1/2* (-4*a*c+b~
2) /c)*FresnelC((2xc*xx+b) /c~(1/2) /Pi~(1/2))+sin(1/2*(-4*a*c+b~2) /c) *Fresnel
S((2*c*x+b) /c~(1/2) /Pi~(1/2)))+1/2*d*x+1/4*e*xx "2

3.33.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.99

/(d + ex) cos’ (a + bz + cz?) dz

2ea? + m(20d — be). /% cos (~P502) C (J) — n(2ed— be),/ES (M) in (e

8 c?

inputLintegrate((e*x+d)*cos(c*x“2+b*x+a)‘2,x, algorithm="fricas") J

3.33.  [(d+ex)cos® (a+ bz + cz?) dz
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output‘1/8*(2*c“2*e*x‘2 + pi*(2xcxd - bxe)*sqrt(c/pi)*cos(-1/2%(b~2 - 4xaxc)/c)*f
‘resnel_cos((2*c*x + b)*sqrt(c/pi)/c) - pi*(2*c*d - b*e)*sqrt(c/pi)*fresnel
‘_sin((2*c*x + b)*sqrt(c/pi)/c)*sin(-1/2x(b~2 - 4*axc)/c) + 4xc”2xd*x + 2%c
‘*e*cos(c*x‘2 + b*x + a)*sin(c*x™2 + b*x + a))/c”2 ‘

3.33.6 Sympy [F]

/(d + ex) cos® (a + bz + cz?) dr = / (d + ez) cos® (a + bz + cz?) dz

input Lintegrate ((exx+d) *cos (cxx**2+b*xx+a) **2,x) J

output‘ Integral((d + e*x)*cos(a + b*x + Ckx*k*2)**2, X) ‘

3.33.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.65 (sec) , antiderivative size = 737, normalized size of antiderivative = 4.91

/(d + ex) cos® (a + bz + cz?) dr =

<4i\/§\/7_r<<(z —1) cos (—1’2;—‘(1:“> +(i+1) sin (—l’zg—iac» erf (%) + <(1, +1) cos <_b2;_iGC) ]
32 ¢?

x/§<<(z -1) x/ix/v_r(erf Q/%/M) - 1) —(i+1) \/§\/7_T<erf <\/§\/_—4ic2w2+4;bcx+w2

_|_

input  integrate((e*x+d)*cos(c*x~2+b*x+a)~2,x, algorithm="maxima")

3.33.  [(d+ex)cos® (a+ bz + cz?) dz
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output | -1/32%(4~(1/4) *sqrt (2) *sqrt (pi) *(((I - 1)*cos(-1/2%(b~2 - 4*a*xc)/c) + (I +
D *sin(-1/2*%(b"2 - 4xaxc)/c))*erf ((2xIxc*x + Ixb)/sqrt(2*I*c)) + ((I + 1)
xcos(-1/2%(b"2 - 4xa*c)/c) + (I - 1)*sin(-1/2%(b~2 - 4*axc)/c))*erf ((2xI*c
*x + I*b)/sqrt(-2*I*c)))*c~(3/2) - 16%c™2*x)*d/c”2 + 1/64*sqrt(2)*(((I - 1
)*sqrt (2) *sqrt (pi)*(erf (sqrt (1/2) *sqrt ((4*I*xc"2*xx"2 + 4xI*bkc*x + I*b~2)/c
)) = 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xI*c"2%x"2 + 4xI
xb*xc*x + Ix¥b~2)/c)) - 1))*b~2*cos(-1/2%(b~2 - 4*axc)/c) + ((I + 1)*sqrt(2)
*sqrt (pi) *(erf (sqrt(1/2)*sqrt ((4*Ixc~2+x"2 + 4*I*xb*cxx + I*b~2)/c)) - 1) -
(I - 1)#*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2%x"2 + 4*I*bkckx +
I¥b~2)/c)) - 1))*b"2xsin(-1/2*%(b"2 - 4*axc)/c) - 2x((-(I - 1)*sqrt(2)*sqrt
(pi)*(erf (sqrt(1/2)*sqrt ((4*Ixc~2%x"2 + 4*I*bkcxx + I*b~2)/c)) - 1) + (I +
1) *sqrt (2) *sqrt (pi) * (erf (sqrt (1/2) *sqrt (- (4*I*c™2*x"2 + 4*Ixb*c*x + I*b~2
)/c)) - 1))*xb*ckcos(-1/2%(b"2 - 4xa*c)/c) + (-(I + 1)*sqrt(2)*sqrt(pi)*(er
f(sqrt(1/2) *sqrt ((4*I*c~2*x~2 + 4*Ixb*c*kx + Ixb"2)/c)) - 1) + (I - 1)*sqrt
(2) *sqrt (pi)*(erf (sqrt (1/2) *sqrt (- (4*I*c~2*x"2 + 4*Ixb*cxx + I*b~2)/c)) -
1)) *b*cxsin(-1/2*% (b2 - 4xa*c)/c))*x + 2xsqrt(2)*(4xc™2*xx"2 - c*(I*xe™(1/2%
(4*I*c™2%x"2 + 4xIxb*c*kx + I*b~2)/c) - I*xe”(-1/2%(4*I*c~2%x"2 + 4xI*b*c*x
+ I*b~2)/c))*cos(-1/2*x(b~2 - 4*a*xc)/c) + cx(e”(1/2x(4xI*c~2%x"2 + 4xI*bxc*
x + I*¥b72)/c) + e (-1/2%(4xI*c™2xx"2 + 4*Ixb*cxx + I*b~2)/c))*sin(-1/2%(b"
2 - 4%axc)/c))*sqrt((4*c™2xx"2 + 4xbxc*x + b~2)/c))*e/(c™2*sqrt ((4*c™2x*. ..

3.33.8 Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.35 (sec) , antiderivative size = 195, normalized size of antiderivative = 1.30

/(d + ex) cos’ (a + bz + cz?) dz

ib2—4diac
: oo (Ricat2ibatdia) _ V7(2i cd—i be) erf(-%iﬁ(zﬁg) (ﬁ+l>)e( = aiec )
= 16132 + 1dav - ﬁ(ﬁH)
4 2 16 ¢
. . . ic _W)
_; pp—2ica?—2ibo—2ia) _ VT(ZZicdtibe) erf (3ive(2att) (-5 +1))e
()

16¢

input  integrate((e*x+d)*cos(cxx~2+b*x+a)~2,x, algorithm="giac")

3.33.  [(d+ex)cos® (a+ bz + cz?) dz
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output | 1/4%exx~2 + 1/2xd*x - 1/16%(I*e*xe”(2%I*c*xx"2 + 2*Ixbxx + 2%Ixa) - sqrt(pi)
*(2xIxc*d - Ixb¥e)xerf(-1/2*Ixsqrt(c)*(2*x + b/c)*(Ixc/abs(c) + 1))*e~(-1/
2x(I*xb~2 - 4xI*axc)/c)/(sqrt(c)*(Ixc/abs(c) + 1)))/c - 1/16*(-Ixe*xe” (-2xI*
c*x"2 - 2%Ixb*x - 2xI*a) - sqrt(pi)*(-2*Ixc*d + I*bxe)*erf (1/2xI*sqrt(c)*(
2xx + b/c)*(-I*c/abs(c) + 1))*e”(-1/2x(-Ixb"2 + 4xI*a*xc)/c)/(sqrt(c)*(-I*c
/abs(c) + 1)))/c

3.33.9 Mupad [F(-1)]

Timed out.

/(d—l—e:zc)cos2 (a+ bz +cz?) do = /cos (cx2+bx+a)2(d+ew) dz

inputtint(cos(a + bxx + c*xx72)72%(d + e*x),x)

~—

output‘int(cos(a + bxx + c*xx72)72x(d + e*x), x) J

3.33.  [(d+ex)cos® (a+ bz + cz?) dz
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3.34 f cos? (c;—l—bx+cx2) da
+ex

3.34.1 Optimalresult . . . . .. . . . . . . . 217
3.34.2 Mathematica [N/A] . . . . . . . . 217
3.34.3 Rubi [N/A] . . o oot oo 218
3.34.4 Maple [N/A] (verified) . . . . . . ... .. L 219
3.34.5 Fricas [N/A] . . . . . 219
3.34.6 Sympy [N/A] . . . o 219
3.34.7 Maxima [N/A] . . . . . . 2201
3.34.8 Giac [N/A] . . . . . o 220
3.34.9 Mupad [N/A] . . . . 2200

3.34.1 Optimal result

Integrand size = 21, antiderivative size = 21

log(d+ex) 1 cos (2a + 2bzx + 2cz?)
= y T
d+ex 2e 2

2 2
/cos (a+bx+cx )dx +
d+ex

output L1/2*1n (exx+d) /e+1/2+Unintegrable (cos (2*xc*x~2+2xb*x+2%*a) / (e*x+d) ,x)

3.34.2 Mathematica [N/A]

Not integrable

Time = 4.47 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

dz

/ cos? (a + bz + cz?) / cos? (a + bz + cz?)
dr =
d+ex d+ex

input

Integrate[Cos[a + b*x + c*x72]72/(d + e*x),x]

N\

output‘ Integrate[Cos[a + b*x + c*x72]72/(d + e*x), x]

334 [ 0;4:;?0#_) dz




input

output

rule 2009

rule 3949
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3.34.3 Rubi [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3949,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

cos? (a + bz + cz?)
/ d+ex

l'3949

cos (2a + 2bz + 2cz?) 1
/ + dr
2(d+ex) 2(d+ex)

l'2009

1 / cos (2cz?® + 2bz + 2a) o+ log(d + ex)
2 d+ex 2e

LInt [Cos[a + b*x + c*x72]72/(d + e*x),x] J

$Aborted

N\ J

3.34.3.1 Defintions of rubi rules used

LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

‘Int[Cos[(a_.) + (b_)*(x_) + (c_)*(x_)"2]"(n_)*((d_.) + (e_.)*(x_))"(m_.),
‘ x_Symbol] :> Int[ExpandTrigReducel[(d + e*x)”"m, Cos[a + b*x + c*x~2]"n, x],
 x] /; FreeQl{a, b, c, d, e, n}, x] & IGtQ[n, 1] J

3.34. jfﬁ%iﬁiwﬁdx
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3.34.4 Maple [N/A] (verified)

Not integrable

Time = 0.54 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

/ cos? (cz? + bx + a)

ex+d dz

input Lint (cos(c*x~2+b*x+a) "2/ (e*x+d) ,x)

output Lint (cos(cxx™2+b*x+a) ~2/ (e*x+d) ,x)

3.34.5 Fricas [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

2 2 2 2
/cos (a—l—bx—l—cw)dx:/cos(cx + bz + a) s

d+ex er+d

input tintegrate (cos(c*x~2+b*x+a) "2/ (e*x+d) ,x, algorithm="fricas")

outputLintegral(cos(c*x’? + bkx + a)72/(exx + d), x)

3.34.6 Sympy [N/A]
Not integrable

Time = 41.99 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

dz

/ cos? (a + bx + cz?) / cos? (a + bx + cz?)
dr =
d+ex d+ex

p
input Lintegrate (cos (cxx**2+b*x+a) **2/ (e*x+d) ,x)

-/

output LIntegral(cos(a + bkx + cxx**2)**2/(d + e*x), x)

334 [ %il:?cw?_) dz
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3.34.7 Maxima [N/A]

Not integrable

Time = 0.38 (sec) , antiderivative size = 120, normalized size of antiderivative = 5.71

cos? (a + bz + cz?) cos (cz? + bz + a)’
dr = d
d+ex er+d

T

input‘integrate(cos(c*x“2+b*x+a)“2/(e*x+d),x, algorithm="maxima")

output‘-1/2*(2*e*integrate(-1/4*(cos(2*c*x“2 + 2%b*x)*cos(2*a) - sin(2*c*x"2 + 2%
‘b*x)*sin(2*a))/((cos(2*a)“2 + sin(2*a)"2)*e*x + (cos(2*a)”~2 + sin(2*a)~2)+*
‘d), x) - 2%exintegrate(l/4*cos(2*c*x”2 + 2xb*x + 2*a)/(e*x + d), x) - log(
lexx + d))/e

3.34.8 Giac [N/A]

Not integrable

Time = 0.40 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

2 2 2 2
/cos (a+bx+cx)d$=/cos(cx + bz + a) iz
d+ex er+d

inputLintegrate(cos(c*x“2+b*x+a)‘2/(e*x+d),x, algorithm="giac")

output Lintegrate(cos(c*x’? + bxx + a)72/(exx + d), x)

3.34.9 Mupad [N/A]

Not integrable
Time = 14.12 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

2 2 2 2
/cos (a+bx+cm)dz:/cos(cx +bzx+a) i

d+ex d+ezx

input Lint(cos(a + bxx + c*xx72)72/(d + e*x),x)

—

output Lint(cos(a + b*x + c*xx72)72/(d + e*x), x)

3.34. jfﬁ%iﬁywﬁdx



—1
CHAPTER

APPENDIX

4.1 Listing of Grading functions . . . . . . . ... ... .. oL 2271

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

221
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)
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‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation

4.1. Listing of Grading functions
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